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Abstract

Reinforcement learning (RL) has become a powerful and versatile paradigm in the era of

large language models (LLMs). It is widely used to align models with human preferences

and improve their reasoning capabilities. More recently, with the rapid rise of LLM-
based agents, RL has become increasingly important for enabling models to learn from

experience and build more capable and adaptive intelligent systems. Despite its growing

importance, RL remains difficult for many LLM researchers to approach. Traditional RL

literature often explains key concepts through robotics and control problems, making them

less intuitive in the context of LLM training. To bridge this gap, this paper provides a

comprehensive introduction to RL through LLM training examples. We first introduce the

fundamental concepts of RL and explain key algorithms through a concrete example of

training an LLM, including policy gradients, advantage estimation, importance sampling,

and reward modeling. We then discuss recent advances in RL for LLMs, including

improved reward construction, efficient training, and policy optimization. We further

extend the discussion to reasoning models, LLM-based agents, and multimodal models.

We show how RL can enhance reasoning, train agents through environment interaction,

and optimize multimodal understanding and generation. Finally, we summarize promising

future directions and commonly used systems and datasets. We hope this paper provides

an accessible introduction to RL and helps LLM researchers better understand and apply

RL techniques in modern foundation models.
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1 Introduction

RL is an interdisciplinary field, and has its origins in both psychology and optimal control. Over the

years, the concept has been further developed and formalized within the realms of artificial intelligence and

machine learning. The basic idea is that an agent learns to make decisions by receiving feedback on its

actions from the environment. This approach is very general and applies to a wide range of problems, from

playing complex games like chess and Go to controlling autonomous vehicles.

A recent breakthrough is the large-scale application of RL in the field of natural language processing

(NLP), in particular in the development of LLMs. For example, RL has been widely considered an effective

way of aligning pre-trained LLMs with human preferences and values (Christiano et al., 2017). One such

method, called reinforcement learning from human feedback (RLHF), forms the basis for the development

of advanced LLMs like OpenAI’s GPT-4. More recently, RL has shown great promise in enabling LLMs

to perform complex reasoning (OpenAI, 2024; Deepseek, 2025; Team et al., 2025a). As a result, interest

in RL for LLMs has exploded. Numerous conference papers now discuss RL in LLMs, with even more

appearing in the past few months. The research community is highly enthusiastic, and many in the field are

anticipating a new turning point where large-scale RL algorithms could further advance AI. This trend

is further strengthened by the rise of LLM-based agents, where models must learn from interaction and

experience to make effective decisions in dynamic environments. From this perspective, RL is becoming

a key technique for building more capable and adaptive intelligent systems. This view closely echoes the

“Reward Is Enough” hypothesis proposed by Silver et al. (2021):

“Intelligence, and its associated abilities, can be understood as subserving the maximisation

of reward by an agent acting in its environment.”

This hypothesis highlights why RL is particularly relevant to the next stage of LLM development: instead

of learning only from static supervision, models can acquire increasingly complex capabilities through
large-scale experience and rewards.

Historically, RL has played a relatively limited role in mainstream NLP, where supervised learning has long

been the dominant paradigm. Although applying RL to LLM training seems a natural choice for machine

learning researchers, it introduces many new concepts to the NLP community, which has traditionally been

dominated by supervised learning methodologies. As NLP researchers, when we attended presentations on
LLMs, we often heard statements such as “use a value function to estimate the expected cumulative reward”,

“learn the policy with PPO”, or simply “we need to train a reward model”. These techniques were often

presented as if they required little explanation. Yet, for researchers trained primarily in supervised learning,

the mathematical formulations of RL, with their many expectations, value functions, and advantages, can

be difficult to follow. This gap becomes increasingly important in LLM training, where understanding RL

is no longer a specialized topic, but is becoming essential for following and developing modern AI systems.

It is natural to learn RL from standard references, which appears straightforward at first. However, common

RL textbooks, such as Sutton & Barto (2018)’s book, are mostly based on classic robotics or control

problems. This makes it difficult to align the concepts of RL with those of LLMs. On the other hand, most

LLM literature lacks an in-depth discussion of RL techniques, often omitting related details. As a result,

we find ourselves in an awkward middle ground between RL and LLMs, struggling to bridge the two fields.

The aim of this paper is to provide a comprehensive introduction to RL from the perspective of LLM

training. We begin by introducing the basic concepts and algorithms of RL using terminology familiar to

LLM researchers, and illustrate them through concrete LLM training examples. We then discuss recent

advances in RL for LLMs, including improved reward modeling, advantage estimation, training efficiency,

and policy optimization. Beyond standard LLM alignment, we further introduce how RL is applied to

enhance reasoning capabilities, support long-horizon decision-making in LLM-based agents, and optimize

multimodal understanding and generation models. Finally, we summarize promising future directions and

provide an overview of commonly used systems and datasets.
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2 Preliminary

2.1 Fundamentals of LLMs

LLMs have become the foundation of modern natural language processing. Their success largely follows a

simple but powerful paradigm: first learn general language capabilities from large-scale text corpora, and

then adapt these capabilities to specific tasks through prompting or supervised fine-tuning. At inference

time, an LLM generates an output by predicting tokens sequentially according to the given input and

previously generated tokens. This paradigm has substantially changed how NLP systems are developed,

replacing many task-specific models with a unified foundation model that can support a wide range of

language understanding and generation tasks.

Understanding these basic mechanisms is important before introducing RL for LLMs. Many RL concepts can

be naturally connected to the standard generation process of an LLM. The input and previously generated

tokens define the current context, the next-token distribution determines the model’s possible actions,

and the complete output forms a sequence of decisions that can be evaluated by a reward signal. In this

subsection, we briefly review the fundamentals of LLMs and introduce the key concepts and notations used

throughout this paper. We focus only on the concepts necessary for understanding the subsequent discussion

of RL, rather than providing a comprehensive review of LLM techniques and their recent developments.

Interested readers are referred to Xiao & Zhu (2025) for a more systematic introduction to LLMs.

In this paper, we mainly focus on generative LLMs based on decoder-only Transformers (Vaswani et al.,

2017). Let V denote the vocabulary of tokens. A token is the basic unit processed by an LLM. It can be a

word, a subword, a punctuation mark, or another text fragment produced by the tokenizer. Before a raw

text is input into an LLM, it is first converted into a sequence of tokens from V. Therefore, throughout
this paper, all inputs and outputs of an LLM are represented as token sequences. Given a token sequence

z = z1...zN , a language model parameterized by θ estimates the probability of the sequence by factorizing

it from left to right:

Prθ(z) =

N∏︂
i=1

Prθ(zi|z<i) (1)

log Prθ(z) =

N∑︂
i=1

log Prθ(zi|z<i) (2)

where z<i = z1...zi−1 denotes the tokens before zi. A decoder-only Transformer implements this conditional

distribution with causal self-attention, so that each position can only depend on previous tokens. The model

then produces a probability distribution over V, denoted by Prθ(·|z<i). This next-token prediction view is

the central interface through which LLMs are trained, prompted, fine-tuned, and later optimized by RL.

Figure 1 illustrates this process together with prompt-based autoregressive generation. During training, the

predicted distributions are matched to the observed target tokens. During inference, each selected token is

appended to the context and used to condition the next prediction.

2.1.1 Pre-training

Pre-training is the first stage of building most LLMs. The goal is to train the model on large-scale unlabeled

text so that it can acquire general knowledge about languages and the world. In generative LLMs, this is

usually achieved through self-supervised next-token prediction: the model observes the preceding tokens

and learns to predict the next token. Although no human-annotated labels are required, each token in the

text can naturally serve as a supervision signal for predicting itself from its left context.
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Minimizing the next-token prediction loss:
LLM = −

∑︁N
i=1 log Prθ(zi | z<i)

Large Language Model

z1 z2 · · · zN−1

Prθ(· | z1) Prθ(· | z<3) · · · Prθ(· | z<N )

z2 z3 · · · zN

CE CE CE

Observed token sequence

CE: cross-entropy with the observed target

(a) Next-token prediction during training

Generating successive tokens by an inference
algorithm (e.g., sampling): yt ∼ Prθ(· | x,y<t)

Large Language Model

x1 · · · xm y1 · · · yt−1

y1 y2 · · · yt

Prθ(· | x)

Prθ(· | x, y1)

Prθ(· | x,y<t)

Input prompt x Generated tokens y<t

Successive steps: append the selected token to the context

(b) Autoregressive generation with prompting

Figure 1: Language model training and autoregressive generation. (a) In next-token prediction, an LLM
predicts a distribution over the next token from the preceding context; the predicted distribution is compared

with the observed target token using cross-entropy. (b) In autoregressive generation, an LLM selects the

next token from the distribution conditioned on the prompt and previously generated tokens. The selected

token is appended to the context and then conditions the next prediction step.

Let Spre denote the pre-training corpus, where each sample is a token sequence z = z1...zN . The pre-training

objective is to maximize the log-likelihood of all tokens in the corpus:

θ̂ = argmax
θ

∑︂
z∈Spre

N∑︂
i=1

log Prθ(zi|z<i) (3)

where θ̂ denotes the optimized pre-trained parameters. Equivalently, this objective can be viewed as

minimizing the cross-entropy loss between the observed next token and the model-predicted distribution.

After pre-training, the LLM learns to model natural language and acquires rich linguistic and factual

knowledge from large-scale text. Given a preceding context, it can predict plausible continuations and

generate fluent text. For example, given the prefix “The capital of France is”, a pre-trained LLM may

assign a high probability to the next token “Paris”. Similarly, given a longer context such as “To solve this

equation, we first move all terms to one side”, the model can continue the text with a linguistically and

semantically plausible sequence. These examples reflect the core capability learned during pre-training:

predicting likely continuations from the preceding context.

However, pre-training primarily teaches the model to perform language modeling rather than to explicitly

solve user-specified tasks. In particular, the model is not directly trained to interpret instructions or produce

outputs in a desired format. As a result, simply providing a task description to a pre-trained LLM does

not necessarily lead to the intended behavior. This limitation motivates us to use additional adaptation

approaches to better equip pre-trained LLMs for downstream tasks.

2.1.2 Prompting

Prompting is a simple and lightweight way to adapt an LLM to different tasks without updating its

parameters. A prompt is the input text used to guide the model toward a desired task or output. It may
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contain an instruction, user-provided content, output requirements, or demonstrations. For example, if we

want an LLM to act as a homework assistant and answer a student’s question, we can provide the following

prompt:

You are a homework assistant helping students improve their problem-solving skills.

Give me three tips to improve my accuracy in solving math problems.

Please make the response clear, practical, and easy to follow.

In this example, the prompt specifies both the task and the desired response style. The LLM then generates
the answer by continuing the input sequence. Prompts can also be constructed from templates. A prompt

template contains placeholders that can be replaced with task-specific information. For example, we can use

the following template for a homework assistant:

You are a homework assistant helping students improve their problem-solving skills.

Give me three tips to improve my accuracy in solving {*subject*} problems.

Please make the response clear, practical, and easy to follow.

If we set {*subject*} to “math”, the template becomes the prompt used above. In this way, users can

construct different prompts by changing the placeholder while keeping the main task description unchanged.

Another important concept related to prompting is in-context learning. When prompting an LLM, we can

add demonstrations to the context and let the model infer the desired input-output pattern from these

examples. For instance, we can show the model how to answer similar student questions before asking it to

respond to a new one:

Input: Give me two tips to improve my English writing.

Output: 1. Read well-written essays regularly.

2. Revise your sentences to make them clear.

Input: Give me three tips to improve my accuracy in solving math problems.

Output:

When a single demonstration is provided, this setting is commonly called one-shot prompting. When several

demonstrations are included, it is referred to as few-shot prompting. In contrast, prompting without any

demonstration is usually called zero-shot prompting.

In-context learning can also be combined with chain-of-thought (CoT) prompting (Wei et al., 2022b). The

basic idea is to encourage the model to generate intermediate reasoning steps before producing the final

answer. This can be achieved either by explicitly asking the model to reason step by step or by providing

demonstrations that contain both reasoning traces and answers. For example:
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Input: A student solves 8 math problems and gets 6 correct. What is the accuracy? Please

reason step by step.

Output: The student gets 6 out of 8 problems correct. The accuracy is therefore 6/8 = 0.75,

or 75%.

Input: A student solves 20 math problems and gets 17 correct. What is the accuracy?

Please reason step by step.

Output:

Prompting adapts an LLM by changing the context used for generation. Therefore, prompt quality can

strongly affect model performance. Even for the same task, we can write the prompt in many different ways.

For example, “Give me two tips to improve my English writing.” can also be written as “What are two

simple ways to improve my English writing skills?”. The two prompts express nearly the same intent, but

they may lead to noticeably different outputs. In practice, we often refine prompts through repeated trial

and error for a given LLM. More advanced methods automate this process and search for better prompts

using techniques such as RL (Deng et al., 2022) or evolutionary algorithms (Guo et al., 2024).

2.1.3 Supervised Fine-Tuning

Although pre-trained LLMs possess a vast amount of general knowledge, they are typically limited to tasks

related to language modeling. Our ultimate goal is to enable them to perform various specific tasks, such

as summarization, question answering, and machine translation. One straightforward method to achieve

this goal is supervised fine-tuning (SFT), in which the pre-trained LLM is further trained on a dataset
comprising task-specific inputs (i.e., instruction + user input)1 paired with their expected outputs (Ouyang

et al., 2022; Wei et al., 2022a). Table 1 gives several examples of SFT data for different tasks.

Specifically, let x = x1...xm be an input and y = y1...yT be the corresponding output. In SFT, we aim to

maximize the probability of the output y given the input x. Consider an LLM with pre-trained parameters

θ̂. The fine-tuning objective can then be formulated as:

θ̃ = argmax
θ̂+

∑︂
(x,y)∈S

log Prθ̂+(y|x) (4)

where Pr(·) denotes the probability distribution, S denotes the labeled data, θ̃ denotes the parameters

optimized via SFT, and θ̂+ represents an adjustment to θ̂. Here, we will omit the superscript + and use θ

to represent θ̂+ to keep the notation uncluttered. However, the reader should remember that the fine-tuning

starts from the pre-trained parameters rather than randomly initialized ones.

The objective function log Prθ(y|x) is computed by summing the log-probabilities of the tokens in y,

conditional on the input x and all the previous output tokens y<t:

log Prθ(y|x) =

T∑︂
t=1

log Prθ(yt|x,y<t) (5)

This formulation is equivalent to minimizing the cross-entropy loss over the output segment. In practice,

the input tokens in x are used as the context, while the loss is usually computed only on the output tokens

1In this paper, the instruction represents the description of a specific task, e.g., “Summarize the following article”;
the user input represents the extra content added to the instruction, e.g., “Article: In recent years, solar energy has
seen a significant increase in the amount of energy available to the public. Solar energy has seen unprecedented
growth, becoming the fastest-growing ...”
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x (Instruction + User Input) y (Output)

Summarization: Summarize the following
article.
Article: Solar energy has experienced rapid
growth in recent years and has become one of
the fastest-growing sources of renewable energy.

Solar energy has grown rapidly in recent
years and has become a major renewable
energy source.

Question Answering: Answer the following
question.

Question: What is the capital of France?

Paris.

Classification: Classify the following mes-
sage as spam or not spam.

Message: Congratulations! You have won a
$500 gift card. Click here to claim it.

Spam.

Machine Translation: Translate the fol-
lowing sentence from English to Chinese.

Sentence: RL is widely used to train large
language models.

强化学习被广泛用于训练大语言模型。

Table 1: Examples of SFT data for different downstream tasks.

in y. In this way, SFT teaches the model not only what knowledge to express, but also how to respond in a

desired instruction-following format. In the following section, we refer to the LLM after SFT as the “SFT

LLM” for short.

2.1.4 Inference

Inference is the process of applying a trained LLM to generate outputs for new inputs. Given an input x,

the model first predicts a next-token distribution Prθ(·|x) and selects a token y1 according to a decoding

strategy. The selected token is then appended to the context, after which the model predicts the next token

according to Prθ(·|x, y1). This process is repeated until a stopping criterion is reached, such as generating

an end-of-sequence token or reaching the maximum generation length. We refer to this sequential generation
process as autoregressive generation.

Different decoding strategies determine how the next token is selected from the model-predicted distribution.

Commonly used strategies include:

• Greedy Decoding. Greedy decoding is one of the simplest decoding strategies. At each generation

step, it selects the token with the highest probability under the model. Consider the probability of

the generated sequence up to timestep t:

log Prθ(y≤t|x) = log Prθ(y<t|x) + log Prθ(yt|x,y<t) (6)

where y<t = y1...yt−1 denotes the previously generated tokens. Since the first term is fixed once

y<t has been generated, greedy decoding selects

ygreedyt = argmax
w∈V

Prθ(w|x,y<t) (7)

The selected token is appended to the current prefix, and the same procedure is repeated at the

next timestep. Greedy decoding is deterministic and computationally efficient, but locally selecting

the most probable token does not necessarily produce the most probable complete sequence.

• Beam Search. Beam search extends greedy decoding by maintaining multiple candidate sequences

during generation. Instead of keeping only the single best prefix at each timestep, it retains the

top B candidates, where B is referred to as the beam size. Let Bt−1 denote the set of candidate
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prefixes retained at timestep t− 1. Each prefix y<t is extended with possible next tokens, and the

resulting candidates are ranked according to their accumulated sequence scores:

s(y≤t) = log Prθ(y≤t|x)
= s(y<t) + log Prθ(yt|x,y<t) (8)

The beam for the next timestep is then constructed by retaining the B highest-scoring candidates:

Bt = TopB {(y<t, w) : y<t ∈ Bt−1, w ∈ V} (9)

By exploring multiple prefixes simultaneously, beam search can avoid some locally optimal decisions

made by greedy decoding and often produces higher-probability sequences. However, it requires

more computation and memory as the beam size increases.

• Sampling. Sampling is widely used in modern LLM inference, particularly when diverse outputs

are desired. Instead of always selecting the most probable token or maintaining a fixed set of

candidate sequences, the next token is sampled from the model-predicted distribution:

yt ∼ Prθ (·|x,y<t) (10)

This makes generation stochastic, allowing the same input to produce different outputs. In practice,
the sampling distribution is often adjusted using a temperature parameter T . Given the model

logit lw for token w, the temperature-adjusted probability is

Pr
(T )
θ (w|x,y<t) =

exp(lw/T )∑︁
v∈V exp(lv/T )

(11)

A smaller temperature sharpens the distribution and favors high-probability tokens, while a larger
temperature produces a flatter distribution and increases diversity. Sampling is also commonly

combined with top-k or top-p filtering. Top-k sampling restricts the candidate set to the k tokens

with the highest probabilities (Fan et al., 2018), whereas top-p sampling retains the smallest set of

tokens whose cumulative probability reaches a threshold p (Holtzman et al., 2019). The next token

is then sampled from the renormalized distribution over the retained candidates. These techniques
help reduce the probability of selecting unlikely tokens while preserving diversity.

Regardless of the decoding strategy, LLM generation can be viewed as a sequence of token-level decisions.

This view naturally connects LLMs with RL. At timestep t, the current context (x,y<t) can be treated as

the state, the next token yt as the action, and the next-token distribution Prθ(·|x,y<t) as the policy. The

complete output y then corresponds to a trajectory whose quality can be evaluated by a reward signal. In

particular, sampling closely resembles the stochastic policy sampling process used in RL. Based on this

connection, the following subsection reviews the fundamentals of RL, and Section 3 further shows how RL

can be used to optimize an SFT LLM.

2.2 Fundamentals of RL

RL, supported by a well-established theoretical framework, has been widely applied across a broad range of

domains. In particular, with the rapid advancement of LLMs, RL has become a standard approach in the

post-training stage. Before using LLM training examples to explain RL algorithms, we first provide a brief

overview of deep reinforcement learning in this subsection. We then introduce the general formulation of

RL, along with key terminologies and notations that are essential for understanding RL.

2.2.1 Markov Decision Process

The RL formulation for LLMs is illustrated in Figure 2. An RL system primarily consists of two components:

an agent and an environment. At each timestep t, the agent observes a state st from the environment and

selects an action at according to a policy π, which is typically parameterized by a neural network. After
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Agent (an LLM)

x1 · · · xm y1 · · · yt−1

State st = (x,y<t)

Prθ(· | x, y1) · · · Prθ(· | x,y<t)Policy πθ(· | st)

Action at = yt

Sampling

Reward Model

R(st, at)

Value Functions

V (st), Q(st, at)

Policy Optimization

Figure 2: A schematic illustration of RL for LLMs.

executing the action, the environment transitions to a new state st+1 and returns a reward rt corresponding
to the taken action.

This interaction process is commonly modeled as a Markov Decision Process (MDP), where the agent

interacts with the environment over discrete timesteps (Sutton & Barto, 2018). A sequence of states and

actions forms a trajectory, denoted as τ = (s0, a0, s1, a1, · · · , sH−1, aH−1), where H represents the trajectory

length. Each trajectory accumulates rewards from the environment.

The objective of RL is to learn an optimal policy π∗ that maximizes the expected cumulative reward over

trajectories, which can be formulated as:

π∗ = argmax
π

E

[︄
H−1∑︂
t=0

rt | π

]︄
(12)

In practice, the agent improves its policy through repeated interactions with the environment by observing

states and receiving feedback in the form of rewards. Each such interaction sequence constitutes a trajectory

τ . The process of generating one or more trajectories under a given policy is commonly referred to as

sampling in the RL literature.

2.2.2 Key Elements

The MDP formulation provides a compact way to describe RL, but its terminology can feel distant from

the language modeling setting at first glance. To make the connection more explicit, Table 2 summarizes

the core elements of RL and describes how each one can be interpreted in LLM training. This tabular view

is intended to serve as a bridge between the standard RL notation introduced above and the token-level

generation process discussed earlier.

With these correspondences in place, we can describe RL algorithms using familiar language-modeling

objects such as contexts, tokens, policies, and reward signals. In contrast to conventional RL literature,

which often presents algorithms through robotics or control examples, we adopt an NLP perspective to

introduce RL in the following section.
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Element Interpretation

Agent The learner or decision-maker in RL. In the context of LLMs, the agent
corresponds to the language model itself, which generates tokens sequentially
and updates its behavior based on feedback signals.

Environment Everything external to the agent with which it interacts. Unlike traditional
RL settings that involve physical or simulated environments, the environment
in LLM-based RL is typically abstract, consisting of the training framework
that provides feedback (e.g., reward models, human annotations, or evaluation
metrics) for generated outputs.

State (s) A state represents the current situation of the environment. For language
modeling, the state at timestep t can be defined as the sequence of observed
tokens up to that point, i.e., the context used to predict the next token.
Formally, the state can be represented as st = (x,y<t), where x denotes the
input prompt and y<t denotes the previously generated tokens.

Action (a) An action corresponds to a decision made by the agent. In LLMs, actions are
naturally defined as selecting the next token from the vocabulary, i.e., a = yt.

Reward (r) The reward provides feedback from the environment to evaluate the quality
of an action. In general, the reward function can be defined as r(s, a, s′),
representing the feedback received when the agent transitions from state s to
s′ by taking action a. At timestep t, this can be written as rt = r(st, at, st+1).
In deterministic settings, where the next state is uniquely determined by
(st, at), the reward can be simplified as r(st, at).

Policy (π) The policy defines the agent’s behavior, i.e., the probability of taking an action
given a state. For LLMs, the policy corresponds to the conditional probability
distribution over the next token given the context:

πθ(at | st) = Prθ(yt | x,y<t)

where at = yt and st = (x,y<t). Under this formulation, an LLM can be
naturally interpreted as a parameterized policy.

Value Function
(V and Q)

The value function estimates the expected cumulative reward when following
a policy. The state-value function V (s) measures the expected discounted
return starting from state s:

V (s) = E

[︄
∞∑︂
t=0

γtrt

⃓⃓⃓⃓
⃓s0 = s, π

]︄

where γ ∈ [0, 1] is the discount factor. The action-value function Q(s, a)
further conditions on the initial action:

Q(s, a) = E

[︄
∞∑︂
t=0

γtrt

⃓⃓⃓⃓
⃓s0 = s, a0 = a, π

]︄

Table 2: Key elements of RL and their interpretations

3 Understanding RL in LLM Training

We continue with a practical example of using an LLM as a homework assistant. In this context, we want

to improve the capability of an SFT LLM to handle education-related inputs more effectively. Suppose we

have a homework assistant powered by an SFT LLM, and a student types the input “Give me three tips to

improve my accuracy in solving math problems.” A SFT LLM typically generates a short output, such as
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There are three tips for improving accuracy in solving math problems:

1. Practice regularly.

2. Understand the concepts.

3. Double-check your work.

Although this output adheres to the given input, it is very short and not sufficiently detailed or comprehensive
for this scenario. In practice, the “short” feature in the generated output stems from the training approach

of the SFT LLM. During SFT, the LLM learns from a large set of labeled samples that typically contain

concise and factual answers to common inputs. These samples guide the LLM to prioritize brevity and

clarity, so it often generates short outputs, like the one shown above. Of course, we could annotate enough

additional data to fine-tune the LLM further and adjust it to generate the desired outputs. However, this

approach is limited in its ability to scale. For example, in this scenario, the input involves a variety of

potential answers, and the expectations of the student can be pretty diverse. Therefore, describing the

“ideal” output would require immense annotation effort. Consequently, collecting or annotating fine-tuning

data is not as straightforward as it is with SFT, particularly when attempting to cover the breadth of

possible student inputs and outputs. Instead, we can use RL to enable the model to discern outputs that

better align with human preferences, such as generating more detailed and comprehensive content that not

only adheres to the given input but also meets the expectations of the student in this scenario.

In the following sections, we use a specific LLM training example to explain how RL works, where the LLM

is trained to generate a longer output in the context of a homework assistant. Throughout this example, we

introduce key RL algorithms and their improvements.

3.1 Policy Gradient

In this section, we aim to lengthen the LLM output for the “give me three tips” input using a classical RL

algorithm called policy gradient. To define our optimization objective, let R(·) be the reward function

that describes the goal the algorithm aims to optimize. In this scenario, the reward is designed to align the

output of the LLM with a specific behavior, that is, generating longer outputs. Therefore, we define the

reward function based on a length-related metric. More specifically, the reward can be proportional to the

length of the output, that is, longer outputs can receive higher rewards:

R(y) =
Length(y)

10
(13)

where Length(·) indicates the length of the given output. We can use the number of tokens in the output

as the length for simplicity. This allows us to assign an immediate reward rt for the t-th token generated by

the LLM, which is 1
10 .

Next, we apply RL to encourage the LLM to generate longer outputs based on the reward function. First,

let us review the optimization objective of RL: learning a policy that maximizes the agent’s cumulative

reward (or return) over the long term. In this case, the agent can be defined as the LLM itself, and the

policy can be defined as the probability distribution over the tokens the LLM predicts, given the preceding

context tokens, i.e., Prθ(·|x)2.

2To maintain consistency with notations in RL, this policy is also often represented as πθ(·|x) in much of the
related literature. Here, from the perspective of LLM research, we opt to use the probability notation Prθ(·|x),
which is more familiar to researchers in this field.

14



x1 xm· · ·

y1 yT· · ·

y

Policy (LLM)

�

(a) sample an output y

x1 xm· · · yT−1· · ·

Policy (LLM)

\

log (Prθ(y1|x)× · · · × Prθ(yT |y<T ,x)) R(y)×

(b) train the LLM via policy gradient

compute the reward: R(y)

Figure 3: Illustration of training an LLM using policy gradient. The central component is an LLM.

Given an input x = x1...xm, we sample an output y from the LLM. Note that gradients are not computed

during the sampling to prevent extensive memory consumption because the sampling is performed via an

autoregressive mode. Instead, by leveraging the parallel computation capability of the LLM, similar to SFT,

the sampled output y is used for a subsequent forward pass to compute the gradients produced during the

generation of each token.

The optimization objective can be given by

J(θ) = Ex∼Sx

⎡⎣∑︂
y∈Ω

Prθ(y|x)R(y)

⎤⎦
= Ex∼Sx

⎡⎣∑︂
y∈Ω

Prθ(y|x)
T∑︂

t=1

rt

⎤⎦ (14)

where Sx indicates the input-only dataset, y ∈ Ω indicates that output y is drawn from the hypothesis

space Ω, and T indicates the length of y. J(θ) is also called the performance function. Then the training

objective is to maximize J(θ):

θ̂ = argmax
θ

J(θ) (15)

Note that the hypothesis space Ω is typically very large, as LLMs often have large vocabularies3. Therefore,

it is not feasible to enumerate all possible outputs directly. Instead, we typically use a Monte Carlo method

to estimate this expectation. This approach involves sampling outputs {y1,y2, · · · ,yd} from the LLM and

using those samples to approximate the hypothesis space, denoted by D:

J(θ) = Ex∼Sx

⎡⎣∑︂
y∈D

Prθ(y|x)
T∑︂

t=1

rt

⎤⎦ (16)

3The hypothesis space is large because LLMs typically have vast vocabularies and complex tokenization schemes.
The number of possible combinations of tokens, even for a modest length output, grows exponentially, leading to a
very large output space. This makes exhaustive enumeration of all possible outputs computationally infeasible.
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x Give me three tips to improve my accuracy in solving math
problems.

There are three tips for improving accuracy in solving math
problems:
1. Practice regularly.
2. Understand the concepts.
3. Double-check your work.

{Total Tokens: 20}

y1

Improving accuracy in solving math problems is crucial for
success in mathematics. Here are three tips that can help:
1. Practice regularly:

- Consistent practice builds fluency and familiarity with
different problem types.
...
By combining your advice with these additional tips, anyone
can significantly enhance their math problem-solving abilities.

{Total Tokens: 320}

y2

Improving math accuracy requires careful attention to detail,
strategic problem-solving techniques, and consistent practice.
Here are three tips:
1. Practice regularly:

- Mathematics is a skill, and like any skill, it improves with
consistent practice....
...
This is a great approach for anyone looking to improve their
math skills, from students to professionals.

{Total Tokens: 800}

y3

y1 y2 y3 · · ·
0

0.2

0.4

0.6

P
r θ
(y

|x
)

y1 y2 y3 · · ·
0

0.2

0.4

0.6

P
r θ
(y

|x
)

R(y1) = 2

R(y2) = 32

R(y3) = 80

p

✓

p

✓

Increase the probability

of longer outputs;

Decrease the probability

of shorter outputs

Figure 4: The mechanism of RL in training LLMs from the perspective of hypothesis space reranking:

given an input x, the model increases the probability of longer outputs, such as y3, within the hypothesis

space by assigning higher rewards to them; conversely, shorter outputs like y1 receive lower rewards, which

reduces their probabilities.

We can further refine the process when optimizing the objective using gradient descent. First, we compute
the gradient of J(θ) with respect to θ:

∂J(θ)

∂θ
= Ex∼Sx

⎡⎣∑︂
y∈D

∂Prθ(y|x)R(y)

∂θ

⎤⎦
= Ex∼Sx

⎡⎣∑︂
y∈D

∂Prθ(y|x)
∂θ

R(y)

⎤⎦
= Ex∼Sx

⎡⎣∑︂
y∈D

Prθ(y|x)
∂Prθ(y|x)/∂θ

Prθ(y|x)
R(y)

⎤⎦
= Ex∼Sx

⎡⎣∑︂
y∈D

Prθ(y|x)
∂ log Prθ(y|x)

∂θ
R(y)

⎤⎦ (17)

Using a Monte Carlo sample average over d outputs in D, we can simplify Eq. (17) and need only consider

the terms ∂ log Prθ(y|x)
∂θ and R(y):

∂J(θ)

∂θ
= Ex∼Sx

⎡⎣1

d

∑︂
y∈D

∂ log Prθ(y|x)
∂θ

R(y)

⎤⎦ (18)
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x Give me three tips to improve my accuracy in solving math problems.

Improving accuracy in solving math problems is crucial for success in mathematics. Here are three
tips that can help:
1. Practice regularly...
2. Understand the concepts...
3. Double-check your work...any-one can significantly enhance their math problem-solving abilities.

{Total Tokens: 160, Reward: 16}

y1

Improving math accuracy requires careful attention to detail, strategic problem-solving techniques, and
consistent practice. Here are three tips:
1. Avoid rushing and read carefully...
2. Use estimation to validate answers...
3. Double-check your work...any-one can significantly enhance their math problem-solving abilities.

{Total Tokens: 750, Reward: 75}

y2

Figure 5: Example of sampled outputs demonstrating that the same tokens will receive significantly

different rewards (i.e., 16 vs. 75). This introduces high gradient variance in the optimization process of the

policy gradient.

Now, as illustrated in Figure 3, we have an RL approach to optimize the output of the LLM: 1) we sample

inputs from the input-only dataset and sample outputs from the LLM; then, 2) we evaluate each sampled

output using a reward function that we define; then, 3) we update the LLM using gradient descent, following

Eq. (18), to maximize the performance function.

We can understand this optimization process from the perspective of hypothesis space reranking, as

illustrated in Figure 4. The objective is to increase the probability of longer outputs in the hypothesis space

by assigning a high reward to those outputs, while simultaneously decreasing the probability of shorter

outputs by assigning them a lower reward. In other words, the policy gradient approach encourages the

model to generate longer outputs by reinforcing those outputs that meet the desired length criteria, and it
penalizes shorter outputs that do not meet the objective.

3.2 Temporal Decomposition

While optimizing using Eq. (18) is intuitive, a potential issue arises: in some cases, the sampled outputs may

significantly overlap, yet the rewards for the overlapping parts differ. For example, as illustrated in Figure 5,

if outputs y1 and y2 both include the same tokens in the third tip “3. Double-check your work...anyone can
significantly enhance their math problem-solving abilities.”, but due to variations in the entire outputs,

they receive markedly different rewards (e.g., R(y1) = 50 vs. R(y2) = 10). Ideally, we would want similar

generation behaviors to be rewarded consistently, without significant variation, as their contributions are

equivalent to the sum of rewards.

Before discussing an approach to solve this issue, we first perform temporal decomposition for the term
∂ log Prθ(y|x)

∂θ R(y) in Eq. (18), and obtain

∂ log Prθ(y|x)
∂θ

R(y) =
(︁ T∑︂
t=1

∂ log Prθ(yt|x,y<t)

∂θ

)︁(︁ T∑︂
k=1

rk
)︁

=

T∑︂
t=1

∂ log Prθ(yt|x,y<t)

∂θ

(︁ t−1∑︂
k=1

rk +

T∑︂
k=t

rk
)︁

(19)

In this form, we observe that, when generating the token at t-th time step, it does not affect the term∑︁t−1
k=1 rk and only affects the term

∑︁T
k=t rk. Therefore, we can safely remove the former part,

∑︁t−1
k=1 rk, to

prevent it from affecting the optimization of the current step. By doing so, we can achieve a more stable
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gradient computation for Eq. (18):

∂J(θ)

∂θ
= Ex∼Sx

⎡⎣1

d

∑︂
y∈D

T∑︂
t=1

∂ log Prθ(yt|x,y<t)

∂θ

T∑︂
k=t

rk

⎤⎦ (20)

In fact, this simplification follows the Markov process, asserting that the future is independent of the past,

given the present. As a result, we focus on the reward terms from the t-th time step onward, which are

directly influenced by the token generation at time step t.

3.3 Reducing Gradient Variance

Returning to the case discussed in Section 3.2, while the strategy of excluding rewards for past tokens

reduces gradient variance, substantial gradient variance still occurs in practice. First, if overlapping portions

of the output appear early, the modified Eq. (21) may still experience similar problems, i.e., the same tokens

receive vastly different rewards. Furthermore, the reward distribution can vary significantly between different

time steps within a single output. For example, consider an output sequence of 500 tokens. According to

Eq. (21), the reward at the 10th step might be significantly higher than at the 450th step, i.e., 49 vs. 5.

Such varying rewards for good and poor tokens can result in a very low total reward for the entire output,

even if it includes good tokens.

One simple method for further reducing the variance of the gradient is to set a baseline b and subtract it

from
∑︁T

k=t rk, resulting in
∑︁T

k=t rk − b.4 Here, the baseline can be interpreted as a reference point. By

centering the rewards around this baseline, we remove systematic biases in the reward.

This policy gradient model with a baseline can be given by

∂J(θ)

∂θ
= Ex∼Sx

⎡⎣1

d

∑︂
y∈D

T∑︂
t=1

∂ log Prθ(yt|x,y<t)

∂θ

(︁ T∑︂
k=t

rk − b
)︁⎤⎦ (21)

There are many ways to define the baseline b. For example, we can set the baseline b to the average length of

the sampled outputs across D, i.e., b = (
∑︁

y∈D Length(y))/d. While this approach can reduce the relative

size of the gradient variance, it does not address the issue of varying gradient variance across different time

steps within a single output. To tackle this challenge, we would want a different baseline for each time step

that can specifically be adjusted to reduce variance at that step. To achieve this ideal baseline, we can
introduce a value function V (·). In the training of the LLM, this value function calculates the expected

value of the sum of future rewards (or return for short) when generating yt, given the input x and the

tokens previously generated y<t, i.e., V (x,y<t, yt) = E[
∑︁T

k=t rk]. Hence we have

A(x,y<t, yt) =

T∑︂
k=t

rk − b

=

T∑︂
k=t

rk − V (x,y<t, yt) (22)

where
∑︁T

k=t rk represents the actual return received, and V (x,y<t, yt) (or Vt for short) represents the

expected return at time step t. A(x,y<t, yt) (or At for short) is called the advantage at time step t, which

4In fact, the use of a baseline b does not change the variance of the total rewards
∑︁T

t=1 rt. However, it is
important to note that while introducing a baseline does not alter the overall variance of the rewards, it helps reduce
the variance of the gradient estimates. This is because subtracting the baseline from the total rewards effectively
reduces fluctuations around their mean, which makes the gradient estimates more stable. In general, the operation∑︁T

k=t rk − b centers the rewards around zero (e.g., b is defined as the expected value of
∑︁T

k=t rk), which can lead to

reduced variance in the product
∑︁T

k=t log Prθ(yt|x,y<t)(
∑︁T

k=t rk − b).
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x1 · · · xm y1 · · · yT

hy1 · · · hyT

Value Model (LLM)

· · · Wr

Value (Scalar)

Linear MapWr

Value (Scalar)

Representation

Figure 6: Architecture of the value model based on a pre-trained LLM. The main component of this model

is still an LLM. For a given sequence seqx,y = [x,y], the model extracts representations corresponding to

the positions of the tokens in y. These representations are then individually mapped to scalars through

a linear transformation. Each scalar represents the value associated with each token in y. Note that the

linear mapping matrix used for the transformations is typically shared across all tokens.

quantifies the relative benefit of the current generated yt compared to the expected return. Computing the

advantage using Eq. (22) is a method known as Monte Carlo-based advantage estimation. By using the

advantage function At, the gradient of J(θ) can be written in the form

∂J(θ)

∂θ
= Ex∼Sx

⎡⎣1

d

∑︂
y∈D

T∑︂
t=1

∂(log Prθ(yt|x,y<t)At)

∂θ

⎤⎦ (23)

Based on this training objective, the loss function of training the LLM can be written in the form

L(θ) = −Ex∼SxEy∼D

[︄
T∑︂

t=1

log Prθ(yt|x,y<t)At

]︄
(24)

In practice, there are many ways to implement the value function. One simple approach is to build it
based on a pre-trained LLM (e.g., an SFT LLM). In this way, the value function is also called the value

model (or critic model). More specifically, we can concatenate x and y to form a single token sequence

seqx,y = [x,y]. We run an SFT LLM on this sequence, as usual, and at each position, we obtain a
representation from the top-most Transformer layer. Then, we take the representations at the output

(denoted by {hy1
,hy2

, · · · ,hyT
}) and map them to scalars via linear transformation, respectively. Figure 6

illustrates this architecture of the value model. Hence, at t-th time step, we can compute the value Vt

Vt = hyt
Wv (25)

where hyt
is a d-dimensional vector, and Wv is a d× 1 linear mapping matrix. This value model is typically

trained using the Temporal Difference (TD) error. This training method relies on the principle that the

difference between the values at adjacent time steps should correspond to the reward received at the former

time step, i.e., Vt − Vt+1 = rt. Suppose the value model is parameterized by ω. Given a sequence seqx,y,

the loss function is given by

Lv(ω) =
1

T

T∑︂
t=1

(︁
rt + Vω,t+1 − Vω,t

)︁2
(26)

or alternatively, introduce the discount factor γ to obtain a more general form

Lv(ω) =
1

T

T∑︂
t=1

(︁
rt + γVω,t+1 − Vω,t

)︁2
(27)
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Step (1): resync the reference policy

Reference Policy (LLM)

x

y

Step (2): sample an output from

the reference policy

Policy (LLM)

x y
1st time

update

x y
2nd time

update

· · ·
· · ·

Step (3): update the policy multiple
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Figure 7: Workflow of integrating importance sampling in the training of LLMs with policy gradient. In

Step 1, the current policy is synchronized to establish the reference policy. In Step 2, we sample an output

y from this reference policy for a given input x. Finally, in Step 3, the sequence [x,y] is used to optimize

the current policy multiple times. After optimization, the updated policy is synchronized to become the

reference policy.

where γ ∈ [0, 1] is the discount factor that adjusts the importance of future rewards. When γ is set to less

than 1, it signifies that early rewards are considered more important than future rewards. This basic idea is

also applied in other fields. For example, in LLMs, it has been demonstrated that early token generation

plays a crucial role, as it can influence the style and accuracy of the entire output (Wang & Zhou, 2024).

In this subsection, we have detailed the integration of a value model in training LLMs. In practice, this

training approach, represented by Eq. (23), is known as the Advantage Actor-Critic (A2C) method (Mnih

et al., 2016). The A2C method facilitates an interaction where a policy model (the actor) and a value

model (the critic) learn in parallel and undergo synchronous updates. However, RL is a vast field, and

many technical details cannot be covered here. The interested reader can refer to RL books for more details

(Szepesvári, 2010; Sutton & Barto, 2018).

3.4 Importance Sampling

In this subsection, we discuss methods to improve the efficiency of the policy gradient, focusing on the

sampling process. Although we discussed in Section 3.1 that Monte Carlo-based sampling can estimate

the hypothesis space, it is awfully inefficient for one single update in scenarios like ours where the sampled

output may consist of hundreds or thousands of tokens. A natural idea from this point is to consider

whether it is possible to reuse these sampled outputs to update the LLMs multiple times. With importance

sampling, this is feasible, and we can rewrite the loss function of training the LLM as

L(θ) = −Ex∼SxEy∼Prθref (·|x)

[︄
T∑︂

t=1

Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
At

]︄
(28)

where θref denotes the parameters of the previously used LLM (also called reference policy or old policy).

Here, we use Prθ(·|x) or Prθref (·|x) to denote D, distinguishing from which model the output is sampled.

The ratio Prθ(yt|x,y<t)
Prθref (yt|x,y<t)

, also called the ratio function, compares the probability of token yt under the

current and reference policies. This ratio function is used to reweight the observed rewards, reflecting how

much more or less likely a token is under the current policy compared to the reference policy. When this

ratio is greater than 1, it indicates that the token yt is more favored by the current policy than the reference

policy. Conversely, a ratio less than 1 indicates that yt is less favored by the current policy. However, when

the current θref diverges significantly from θ, the accuracy of the hypothesis space estimation decreases.
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Figure 8: Illustration of the impact of a terrible step on sampling within an LLM training cycle using

importance sampling. The left shows poor output sampled with slight repetition resulting in a terrible step.

The right shows subsequent output sampled with more severe repetition after a terrible step.

Therefore, we do need to resync it regularly. As illustrated in Figure 7, one simple way is to designate

the reference policy as the LLM from which we initiate updates during a training step. Note that we can
conserve computational time and memory by eliminating the need for model copying in Step 1. Specifically,

rather than maintaining a separate copy of the model, we directly sample from the current policy, retain

the output probabilities {Prθ(y1|x), · · · ,Prθ(yT |x,y<T )}, and later use these stored probabilities to act as

{Prθref (y1|x), · · · ,Prθref (yT |x,y<T )} when updating the policy with Eq. (28).

However, an inherent issue arises when using importance sampling to update LLMs. As shown in Figure 8,

when a particular optimization step results in poor updates (or a terrible step for short), the reference

policy utilized in subsequent Step 1 of the next iteration inherits these poor characteristics. Consequently,

the samples drawn in Step 2 are likely to be adversely affected, leading to a more terrible step. Unlike SFT5,

this cycle does not correct the initial terrible step but potentially exacerbates it, creating a downward spiral

in policy performance.

Addressing this issue involves considering trust regions in optimization (Schulman et al., 2015), which refers

to a region around the current parameter estimate where the model is well-behaved. One approach to

incorporating trust regions is to impose a constraint on the size of the policy update. This can be effectively

managed by imposing a constraint that prevents significant deviations from the policy before optimization.

In training LLMs, this constraint is typically achieved by adding a penalty to the objective function based

on a divergence measure between current and reference policies. A simple form of such a penalty is given by

the difference in the log-probability of the sampled y under the current policy versus the reference policy:

Penalty = log Prθ(y|x)− log Prθref (y|x) (29)

At the time step t, we can obtain the penalty as

Penaltyt = log Prθ(yt|x,y<t)− log Prθref (yt|x,y<t) (30)

5In supervised learning, a terrible step during a training step caused by bad samples can often be corrected in
subsequent steps by good samples.
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ratio0
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Figure 9: PPO clipping at time step t. The basic idea can be represented with a hypothesis space as

described in Figure 4. The sub-figure (a) shows the case where the advantage At is positive, suggesting that

the output is preferred. Here, the probability of the sampled output is increased within a defined constraint

(up to 1 + ϵ) in the hypothesis space. The sub-figure (b) shows the case where At is negative, indicating a

dispreferred output. In this case, the probability of the sample output is reduced to a minimum (down to

1− ϵ) in the hypothesis space.

By including this penalty in the optimization objective, we encourage the current policy to remain close to

the reference policy, limiting very large updates in a terrible step.

We can incorporate this penalty into the Eq. (28), and obtain

L(θ) = −Ex∼Sx
Ey∼Prθref (·|x)

[︄
T∑︂

t=1

(︃
Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
At − βPenaltyt

)︃]︄
(31)

where β is the weight of the penalty. This training method is also called trust region policy optimization

(TRPO) (Schulman et al., 2015).

3.5 Proximal Policy Optimization

A further improvement to TRPO involves addressing the gradient variance problem outlined in Section 3.3.

In Eq. (31), the range of the ratio function is from [0,+∞), which could lead to high gradient variance in

the learning process. To mitigate this problem, clipping is commonly employed to limit the magnitude of

importance weights, thereby preventing excessively large updates and promoting stability in the learning

process. A clipped version can be given by

L(θ) = −Ex∼Sx
Ey∼Prθref (·|x)

[︄
T∑︂

t=1

(︃
Clip

(︁ Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
At

)︁
− βPenaltyt

)︃]︄
(32)

where the clipping function Clip(·) can be defined by

Clip
(︁ Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
At

)︁
= min

(︂ Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
At, bound(

Prθ(yt|x,y<t)

Prθref (yt|x,y<t)
, 1− ϵ, 1 + ϵ)At

)︂
(33)

where the function bound(·) constrains the ratio function to within the range [1− ϵ, 1 + ϵ]. The clipping

imposed by Eq. (33) is illustrated in Figure 9. This training method is also known as proximal policy
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Figure 10: Architecture of the reward model based on an LLM. Unlike the value model depicted in Figure 6,

this model extracts the representation from the last position of the output y to represent the entire sequence

[x,y]. This representation is then mapped to a scalar through a linear transformation, which serves as the

reward for the output.

optimization (PPO) (Schulman et al., 2017), currently the most widely used method for training LLMs

with RL. Originally, PPO also introduced an adaptive β to dynamically control this penalty. However, this

adaptive approach has not been widely applied in training LLMs. This is because this process depends on

the expectation of the penalty (i.e., E(Penalty)), which would introduce additional computational overhead.
Interested readers can refer to the original literature for more details on this adaptive approach.

3.6 Training Reward Models

While our initial reward function based on output length, as described in Section 3.1, provides effective

signals in the learning process, human preferences are considerably more complex and extend beyond merely

preferring longer outputs. For example, in scenarios like a homework assistant, it is essential not only

to generate longer outputs but also to avoid redundancy, ensure accuracy, and maintain fluency. This
complexity underscores the need for a sophisticated reward modeling technique, moving beyond simple

function-based methods to more effectively capture human preferences.

Given these complexities, we typically train a reward model, a neural network that maps a pair of input and

output token sequences to a scalar value, to capture human preferences. Given an input x and an output y,

the reward is expressed as Reward(x,y), where Reward(·) denotes the reward model. There are many ways

to implement the reward model. One simple approach is to build the reward model based on a pre-trained

LLM, similar to the value model as presented in Section 3.3. More specifically, we employ the sequence

seqx,y = [x,y] to serve as the input. We run the LLM on this sequence and obtain a representation from

the top-most Transformer layer. Then, we take the representation at the last position of the output and

map it to a scalar via linear transformation6:

Rϕ(x,y) = hyT
Wr (34)

where Wr is a d× 1 linear mapping matrix, and ϕ represents the parameters of the reward model, which

includes both the parameters of the LLM and the Wr. This architecture of the reward model is illustrated

in Figure 10.

6In practice, when employing an LLM for training a reward model, we utilize it primarily as an encoder to
encode the sequence seqx,y into a representation. Here, the representation from the last position is selected as it
encapsulates the semantic information of the entire sequence.
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To train the reward model, the first step is to collect human feedback on a set of generated outputs. Given

an input x, we use the LLM to produce multiple candidate outputs {y1, ...,yd}. Then, we can obtain

human feedback in the following ways:

• Rating. Human experts provide a score or rating for each output. This score is often a continuous

or discrete numerical value, such as a score on a scale (e.g., 1-5 stars or 1-10 points). In some cases,

the rating might be binary, indicating a “yes/no” or “positive/negative” preference.

• Listwise Ranking. Human experts are asked to rank or order the given set of possible outputs.

• Pairwise Comparison (Pairwise Ranking). Given two different outputs, human experts select

which one is better. This annotation approach is particularly popular because it is easier to annotate

than the other two methods.

Here we consider pairwise comparison feedback to train a reward model. In this setting, each time, two

outputs (ya,yb) are randomly drawn from the candidate output pool {y1, ...,yd}. Human experts are then

presented with these pairs and asked to decide which output they prefer based on specific criteria, such as

information, accuracy, and fluency. The human feedback can be encoded as a binary label, ya ≻ yb for a

preference for ya, and yb ≻ ya for a preference for yb.

One simple and widely used model for describing such pairwise comparisons is the Bradley-Terry model

(Bradley & Terry, 1952). It is a probabilistic model that estimates the probability that one item is preferred

over another. Adapting this model to the notation used here, we can write the probability that ya is
preferred over yb in the form

Prϕ(ya ≻ yb|x) =
eRϕ(x,ya)

eRϕ(x,ya) + eRϕ(x,yb)

=
eRϕ(x,ya)−Rϕ(x,yb)

eRϕ(x,ya)−Rϕ(x,yb) + 1
= Sigmoid(Rϕ(x,ya)−Rϕ(x,yb)) (35)

When training the reward model, we want to maximize this preference probability. A loss function based

on the Bradley-Terry model is given by

Lr(ϕ) = −E(x,ya,yb)∼Dr

[︁
log Prϕ(ya ≻ yb|x)

]︁
= −E(x,ya,yb)∼Dr

[︁
log Sigmoid(Rϕ(x,ya)−Rϕ(x,yb))] (36)

where (x,ya,yb) is drawn from a human-annotated dataset Dr consisting of preference pairs of outputs and

their corresponding inputs. The goal of training the reward model is to find the optimal parameters ϕ̂ that

minimize this loss function, given by

ϕ̂ = argmin
ϕ

Lr(ϕ) (37)

Since the reward model itself is also an LLM, we can directly reuse the Transformer training procedure to

optimize the reward model. The difference from training a standard LLM is that we only need to replace

the cross-entropy loss with the pairwise comparison loss as illustrated in Figure 11. After the training of

the reward model, we can apply the trained reward model Rϕ̂(·) to supervise the target LLM for alignment.

It is worth noting that although we train the reward model to perform pairwise ranking, we apply it to score

each input-output pair independently during the alignment process. The pairwise ranking objective ensures

that the reward model is sensitive to subtle differences between outputs, but we rely on the continuous

scores produced by the reward model to guide the optimization of the LLM. An advantage of this approach

is that we can choose from or combine various ranking loss functions and still apply the resulting reward

models in the same way as we have done in Section 4.1.3. However, a challenge arises with this method: the
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− log Sigmoid(Rϕ(x,ya)−Rϕ(x,yb))

Figure 11: An example of loss computation using the Bradley-Terry model. Given an input x and two

outputs (ya,yb), where ya ≻ yb, we initially obtain rewards R(x,ya) and R(x,yb) for two sequences seqx,ya

and seqx,yb
. These rewards are subsequently used to compute the loss as described in Eq. (36). Note

that, for efficiency, both sequences are typically processed in a single batch during one forward pass to

simultaneously obtain R(x,ya) and R(x,yb). In fact, this training approach is also common in Siamese

networks (Bromley et al., 1993).

reward model can provide only sparse rewards; that is, it offers a delayed reward rather than an intermediate

one. Hence, in this case, we can obtain

rt =

{︄
0 if t < T

Rϕ(x,y) if t = T
(38)

To address this challenge, we can typically incorporate shaping rewards into the learning process (Wu et al.,

2023) or train a process reward model by annotating process preference data (Lightman et al., 2024a).

Please refer to Section 5.1.2 for more details.

3.7 A Complete Workflow

Up to this point, we have used numerous examples to discuss how to use RL to train LLMs to better align

with human preferences. We have also shown how different RL algorithms are designed to address specific

challenges in our scenarios. In this subsection, we will outline a complete workflow for training LLMs using

RL, specifically employing the PPO. To implement PPO, we first build four models, all based on an LLM.

• Reward Model (denoted by Rϕ(·) where ϕ denotes the parameters). The reward model learns

from human preference data to predict the reward for each pair of input and output token sequences.

It is typically initialized with an SFT LLM or a pre-trained LLM.

• Value Model or Value Function (denoted by Vω(·) where ω denotes the parameters). The

value model receives rewards from the reward model and is trained to predict the expected sum of

rewards. It is generally initialized with a reward model or an SFT LLM.

• Reference Model or Old Policy Model (denoted by Prθref (·) where θref denotes the parameters).

The reference model is the baseline LLM that serves as a starting point for policy training. Unlike
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Figure 12: Illustration of PPO-based optimization workflow. Given an optimized reward model and
a reference model, we proceed to train both the policy and the value model. At each prediction step,

we compute the sum of the PPO-based loss and update the policy parameters. This requires access to

the reward model, the reference model, and the value model at hand. At the same time, we update the

parameters of the value model. It is worth noting that steps 2, 3, and 4 do not follow a fixed order, and

they can be executed simultaneously or in any order.

the discussion in Section 3.4, when computing the penalty in RLHF, we typically use the previous

version of the model or a model trained without human feedback to serve as the reference policy

model, making a more stable learning process.

• Policy Model (denoted by Prθ(·) where θ denotes the parameters). Given its context, this policy

governs how the LLM decides the most appropriate next token. It is trained under the supervision

of both the reward model and the value model.

In practice, these models need to be trained in a certain order. First, we need to initialize them using some

other models. For example, the reward model and the value model can be initialized with a pre-trained

LLM or an SFT LLM, while the reference model and the policy model can be initialized with an SFT LLM.

Note that, at this point, the reference model is ready for use and will not be further updated. Second, we

need to collect human preference data and train the reward model on this data. Third, both the value

model and the policy are trained simultaneously using the reward model7. At each position in an output

sequence, we update the value model by minimizing the MSE error of value prediction, and the policy is

updated by minimizing the PPO loss.

Although the RL process introduced above seems highly promising, as it can effectively align the SFT LLM

with human preferences, there are significant challenges in implementing this process. For example,

• Training a reward model requires labeled preference data. Consequently, it is essential to generate

multiple outputs for a given input and label them according to human preferences. For example, in

our scenario, we need to annotate extensive data to accurately reflect student preferences, thereby

7During PPO-based optimization, a cold-start approach can be used where only the value model is updated in
the initial phases, avoiding adjustments to the policy model based on potential inaccuracies in early value predictions
(Wang et al., 2024a).
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enabling the homework assistant to produce the content students expect. Furthermore, in this

process, it is crucial to ensure that the data is of high quality and accurately mirrors human

preferences. This is because inaccuracies in data can lead to misguided learning, where the model

might adopt undesirable biases or fail to meet user expectations, also called overoptimization or

reward hacking (Gao et al., 2023). Therefore, such preference data must be meticulously collected

and sufficiently extensive to enable the reward model to accurately capture human preferences.

• RL is computationally expensive for training LLMs. This arises from two primary factors. One

is that during the RL process, we need to perform sampling in an autoregressive mode (Xiao &

Zhu, 2023). This is highly computationally intensive because the policy model usually has a large

number of parameters. Furthermore, during the PPO-based optimization, we need to load four

LLMs simultaneously, which requires significantly more GPU memory compared to the SFT. To

address these challenges, there has been significant interest in developing efficient RL strategies,

such as dynamic sampling (Wang et al., 2024b) and rule-based rewards (Shao et al., 2024), which

can maintain state-of-the-art performance without requiring high computational and time costs.

• RL is often an unstable process. While RL provides a strong theoretical foundation for the

design of each component, it is also highly sensitive to changes in any part of the system. Even
small adjustments to the reward model, policy model, or hyperparameters can lead to significant

fluctuations in performance, making it difficult to ensure consistent and stable results. This fragility

highlights the importance of carefully tuning and stabilizing the various elements involved in

RL, especially when applied to complex systems like LLMs. Techniques such as reward shaping,

adaptive learning rate, and more sophisticated optimization strategies are often required to mitigate

instability and improve the robustness of the learning process.

4 Improved RL for LLMs

In the previous section, we introduced some improvements to RL, such as importance sampling and reward

baseline techniques. However, directly applying them to train LLMs still presents numerous challenges. In

this section, we will delve deeper into the improvements for using RL to train LLMs.

4.1 Advanced Reward Models

Reward models are a fundamental component in RL, as they define what a policy model optimizes for.
Therefore, the quality of reward model training directly influences the effectiveness of LLM optimization

during RLHF. A poorly trained reward model can lead to a suboptimal LLM, while a well-optimized reward

model ensures that the LLM is effectively aligned with the desired behaviors and objectives. Here we will

introduce several methods for obtaining advanced reward models. Our discussion will be relatively general,

since reward models are widely used in many RL problems, such as robot planning and control. This broad

applicability makes it straightforward to adapt the methods discussed here to other related applications.

4.1.1 Automatic Preference Data Generation

Although learning from human preferences is an effective and popular method for aligning LLMs, annotating

preference data is costly. Relying on human feedback not only faces scalability limitations but may also

introduce bias, as human feedback is inherently subjective. Consequently, AI-based feedback methods offer

a promising solution to address these scalability and consistency issues, avoiding the limitations associated

with human annotators.

One simple method is to generate preference data using an LLM. Given a set of inputs, we first use an

LLM to generate pairs of outputs. Then, we prompt the LLM to label the preference between each pair of
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outputs, along with its corresponding input. Below is an example of prompting the LLM to generate a

preference label for a pair of outputs.

Consider a homework assistant scenario in which a student types an input. You will review

two outputs to this input. Please indicate which output you prefer. A good output should

be informative, accurate, and well-articulated. It should directly address the student’s

question, provide thorough explanations or solutions, and maintain an encouraging tone.

Input:

Give me three tips to improve my accuracy in solving math problems.

Output A:

Improving math accuracy requires careful attention to detail, strategic problem-solving

techniques, and consistent practice. Here are three tips:

1. Practice regularly:

- Consistent practice builds fluency and familiarity with different problem types...

...

By combining your advice with these additional tips, anyone can significantly enhance their

math problem-solving abilities.

Output B:

There are three tips for improving accuracy in solving math problems:

1. Practice regularly.

2. Understand the concepts.

3. Double-check your work.

Output A is preferred.

Once we collect such preference labels, we can use them, along with the output pair and input, to train

the reward model. Of course, these labels are not entirely accurate either. Recent studies have shown that
AI-based feedback often exhibits a position bias problem, making it more likely to prefer the output shown

first (Zheng et al., 2023). We can consider demonstrating a few examples or using advanced prompting

techniques, such as Chain-of-Thought (CoT), to improve the labeling performance (Liu et al., 2023).

For data generation, although it is easy to scale up, it is often necessary to ensure the data is accurate

and diverse. Here, the data quality and diversity issues involve not only the labeling of preferences but

also the inputs and outputs of the model. Therefore, we often need to use a variety of techniques to obtain

large-scale, high-quality data. For example, one can generate diverse model outputs and annotations by

using different LLMs, prompts, in-context demonstrations, and so on (Cui et al., 2024b). Furthermore,

Dubois et al. (2023) report that the variability in pairwise preference data is important for training LLMs

from either human or AI feedback.

While learning from AI feedback is highly scalable and generally objective, this method is more suited to

well-defined tasks where objective performance metrics are available. By contrast, learning from human

feedback is more advantageous when aligning AI systems with human values, preferences, and complex

real-world tasks that require an understanding of subtle or subjective context. These methods can be

combined to train LLMs that benefit from both human insights and the scalability of AI feedback.

4.1.2 Reward Shaping

As discussed in Section 3.6, while the reward model is effective in capturing human preferences, it provides

sparse rewards. These rewards, known as delayed rewards, are received only at the end of the output
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Figure 13: An example of reward shaping. Here, length-based shaping rewards are implemented, e.g.,

awarding a +1 intermediate reward for every 10 tokens generated. Additionally, a delayed reward from the

reward model evaluates the overall quality of the output at the end.

generation process, as opposed to intermediate rewards that would be distributed continuously throughout

it.

In fact, dealing with sparse rewards has long been a concern in RL, and has been one of the challenges

in many practical applications. For example, robotics often needs to shape the reward function to ease
optimization rather than relying solely on end-of-sequence rewards. Various methods have been developed

to address this issue. One common approach is reward shaping, where the original function is modified to

include intermediate rewards, thereby providing more immediate feedback. Here, the intermediate reward

is often an indirect signal for improving the delayed reward. For example, as shown in Figure 13, setting

a length-based reward as an intermediate reward encourages the generation of more content, potentially

increasing the overall quality of the final output as assessed by the delayed reward from the reward model.

Additional examples of reward shaping in training LLMs can be found in Kumar et al. (2025). In this way,

we can obtain

r′t = rt + f(x,y<t, yt) (39)

where r′(·) is the transformed reward, r(·) is the original delayed reward function, and f(·) is the shaping

reward function that provides an intermediate reward. To ensure the optimality of the policy under the

transformed reward function, the shaping reward function can be given in the form

f(x,y<t, yt) = γΦ(x,y<t+1, yt+1)− Φ(x,y<t, yt) (40)

where Φ(·) is called the potential value function, and γ is the discount factor that controls how much

the next-step potential contributes to the current shaping reward. If we define Φ(·) as the common value

function and substitute Eq. (40) into Eq. (39), we obtain

r′t = rt + γVt+1 − Vt (41)

It is interesting to see that this function is exactly the same as the advantage function used in PPO. This

relates advantage-based methods to reward shaping: the advantage is essentially a shaped reward.

In practice, an alternative method for implementing reward shaping in training LLMs involves utilizing the

reward model to provide intermediate rewards based on the differences between output rewards (Bahdanau

et al., 2017; Wu et al., 2023). For example, at time step t, the intermediate reward rt can be obtained by

rt = R(x,y<t+1)−R(x,y<t) (42)

However, in this case, it is crucial that the reward model is capable of accurately assigning rewards for

partial outputs, i.e., {y<2,y<3, · · · ,y<T }.
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In addition to reward shaping, another method to address the sparse reward issue is adopting curriculum

learning, where tasks are structured sequentially with gradually increasing complexity. This can help models

master simpler tasks first, which prepares them for more complex challenges as their skills develop. There

are many methods that can mitigate the impact of sparse rewards, such as Monte Carlo methods and

intrinsic motivation. Most of these methods are general, and the discussion of them can be found in the

broader literature on RL, such as Sutton & Barto (2018)’s book.

4.1.3 Improved Reward Generalization

As discussed in Section 3.6, reward models are trained using preference data and subsequently used to

optimize LLMs. However, a problem arises: the data distribution during LLM optimization may differ from

the distribution of the preference data, making it challenging for the reward model to generalize to unseen

input-output pairs.

A well-known failure mode associated with this problem is commonly referred to as overoptimization or

reward hacking, where the optimization stage improves the reward model score but deteriorates the alignment

with true rewards (Gao et al., 2023; Eisenstein et al., 2023). This mode occurs because the reward model

may incorrectly assign high rewards to unseen input-output pairs, leading the LLM to learn and optimize

for behaviors that do not truly align with the desired behaviors and objectives. For example, consider a
scenario from Section 3.1 where the reward model is designed to favor informative and accurate outputs for

a homework assistant. However, if the reward model fails to generalize to an overly verbose output and

assigns a high reward to it (perhaps due to its length or certain keywords), the LLM may learn to prioritize

generating a long output, which is not actually more informative but receives a higher reward according to

the reward model. Consequently, the LLM becomes misaligned with its true objectives, delivering concise

and relevant information, because it optimizes for the incorrect reward signal from the reward model with

weak generalization.

Addressing this generalization problem is challenging, and no mature solution exists yet. The ideal approach

would be to develop an oracle reward model that perfectly captures the true objectives of the task and

generalizes across all input-output pairs during LLM optimization. However, creating such a model is

extremely difficult due to the complexity of the real-world environment, as well as the challenge of collecting

sufficient preference data. Instead, a more practical approach is to combine multiple reward models,

improving generalization and providing more accurate rewards (Coste et al., 2024).

Given a set of reward models, combining them is straightforward, and in some cases, we can simply treat

this problem as an ensemble learning problem. A simple yet common approach is to average the outputs of

these models to obtain a more precise reward estimation:

Rcombine(x,y) =
1

K

K∑︂
k=1

wk ·Rk(x,y) (43)

where Rk(·) is the k-th reward model in the ensemble, wk is the weight of Rk(·), and K is the number

of reward models. This combined reward can then be used to supervise the training of a policy. In fact,

there are many ways to combine different models; for example, one can make predictions using Bayesian

model averaging or develop a fusion network to learn to combine the predictions from different models.

Alternatively, one can frame this task as a multi-objective optimization problem and use multiple reward

models to train the policy simultaneously. These methods have been intensively discussed in the literature

on optimization and machine learning (Miettinen, 1999; Bishop, 2006).

On the other hand, to improve the generalization of reward models, it is important to prevent overfitting to

preference data. Reward models are typically trained on an SFT LLM, which has a strong generalization

capability. However, training the LLM with a large amount of preference data could lead to overfitting,

which may ultimately reduce generalization performance. A common strategy to mitigate this issue is to

employ a parameter freezing technique, which helps preserve the original features of the LLM while learning

30



Reward Model (LLM)

c x ya yb

prompt input 1st output 2nd output

wnext token (‘A’ or ‘B’)

Minimizing the negative probability of token prediction:

− log Prϕ(w = A|[c,x,ya,yb])

Figure 15: In generative reward models, we use an LLM to predict the label token given a prompt, an input,

and a pair of outputs. This model can be trained in the same way as standard LLMs.

the reward model. Another practical approach is to add a regularization term to the preference learning

loss function, which helps regulate the features of the LLM (Yang et al., 2024). For example, we can use a

simple SFT loss as regularization by adding a term that maximizes the probability of the preferred output

ya to Eq. (36):

Lreg(ϕ) = −E(x,ya,yb)∼Dr

[︁
log Prϕ(ya ≻ yb|x) + α log(Prθ(ya|x))

]︁
(44)

where α is a balancing factor. We further illustrate the parameter freezing and regularization methods in
Figure 14. Note that the regularization term applies only to the LLM. That is, when optimizing this term,

only the parameters of the LLM are updated, while the parameters of the reward linear map remain fixed.

Therefore, in this equation, the parameter associated with the regularization term is θ, which specifically

refers to the parameters of the LLM.

x1 x2 · · · xm y1 · · · yT
(Last Token)

hy1 · · · hyT

Reward Model (LLM)

�

Reward Model Loss

Wr \Linear Map

(a) Parameter Freezing

x1 x2 · · · xm y1 · · · yT
(Last Token)

hy1 · · · hyT

Reward Model (LLM)

Reward Model Loss

Wr

Softmax

Layer

SFT Loss

(b) Regularization

Figure 14: When training reward models, we can use parameter freezing and regularization methods to preserve

the features of the LLM and thereby improve reward generalization.

4.1.4 Generative Reward Models

Reward models are typically trained as discriminative models to assign numerical rewards to outputs and

classify them as preferred or dispreferred. However, this method does not leverage the text-generation

capabilities for which LLMs are fundamentally designed (Zhang et al., 2025b; Wang et al., 2025a). For

example, the discriminative reward model cannot perform CoT reasoning. To address this, an LLM can

alternatively be employed as a reward model, thus endowing it with the ability to engage in text generation
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and reasoning, as depicted in Figure 15. This model works as follows. First, we input a prompt c, along

with the tuple (x,ya,yb), to the LLM. The prompt is a description of the task, as demonstrated in the

example below.

You are given two outputs to an input. Evaluate which output is better based on quality,

relevance, and clarity. If the first output is better, return ‘A’. If the second output is better,

return ‘B’.

Then, the LLM predicts subsequent tokens based on this input sequence. Let w be the label token predicted

by the LLM and w∗ be the annotated preference label. If w∗ = A, it indicates a preference for ya over yb;

if w∗ = B, then yb is preferred. Note that here ya and yb do not have a pre-defined preference relationship

as described in Section 3.6. Their relationship is instead represented by the label token.

The loss function can be defined as the log-probability of predicting the annotated preference label:

Lgen(θ) = −E(c,x,ya,yb,w∗)∼Dr

[︁
log Prθ(w = w∗|s)

]︁
(45)

where s denotes the string [c,x,ya,yb]
8, and Prθ(·) denotes the probability of token prediction by the LLM.

Although we discuss methods for training a generative reward model here, an interesting question arises:

how can we use the generative reward model in RLHF? We provide some guidance as follows. Specifically,

when applying this generative reward model to provide a reward for an input-output pair (x′,y′), we can

generate a reference output yref by using the LLM, for example, through greedy search, and concatenate

x′, y′ and yref into s′ = [c,x′,y′,yref ]. Additionally, to mitigate the positional bias problem (Wang et al.,

2024c), we can introduce an alternative input order by transposing the positions of output, i.e., presenting

yref before y′, to construct a secondary input string s′T = [c,x′,yref ,y
′]. The reward for (x′,y′) is thus

defined as the probability that y′ is preferred over yref :

Rϕ(x
′,y′) =

Prθ(w = A|s′) + Prθ(w = B|s′T )
2

(46)

where the reward ranges from 0 to 1.

To further improve the generative reward model, we can label the relevant explanation to enable the

generative reward model to produce a CoT rationale (Zhang et al., 2025a; Wang et al., 2026c). In this case,

we use a prompt c with a CoT rationale generation instruction, as shown below.

You are given two outputs to a user input. Evaluate which output is better based on quality,

relevance, and clarity. If the first output is better, return ‘A’. If the second output is

better, return ‘B’. Note that, before presenting the evaluation results, you should provide

a detailed analytical process and reasoning steps.

We can then define a new loss function for training the generative reward model as follows:

Lgen(θ) = −E(c,x,ya,yb,rat,w∗)∼Dr

[︁
log Prθ(rat|s) + log Prθ(w = w∗|[s, rat])

]︁
(47)

where rat is the labeled CoT rationale for generating a preference between ya and yb. In practice, we

can obtain the evaluation results by prompting a standard LLM (also known as LLM-as-a-judge), as

demonstrated in Section 4.1.1. However, this approach typically underperforms compared to LLMs trained

with preference data (Zhang et al., 2025a; Mahan et al., 2024). One reason is that standard LLMs are not
fine-tuned specifically for the reward modeling task, and as a result, they may not fully capture the nuanced

8In this work, we will use s interchangeably to refer to either the tuple of a training sample or a string representing
that tuple.
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decision-making process that aligns better with human preferences. Also, LLMs trained with preference

data learn to prioritize outputs based on feedback, enhancing their capability to evaluate outputs according

to the desired behaviors and objectives.

Although incorporating CoT rationales into generative reward models improves preference learning, it also

introduces a probability degeneration issue in Eq. (46). Specifically, preference token probabilities often

become saturated near 0 or 1, resulting in limited reward variance. This issue is particularly challenging for

RL algorithms such as GRPO, where relative reward differences are essential for policy optimization. To

address this limitation, researchers investigate ranking-based reward construction approaches. The basic

idea is to use only the ranking capability of generative reward models to derive rewards for RL (Wang et al.,

2026d). Interested readers can refer to this work for further details.

4.1.5 Rubric-based Reward Models

While generative reward models have shown strong performance in preference prediction, they typically

produce an overall judgment for each response or response pair. For complex open-ended tasks, such holistic

evaluation may be insufficient because response quality often depends on multiple instruction-specific aspects.

To address this issue, we can employ rubric-based reward modeling. The basic idea is to introduce a set of

task-specific criteria that explicitly guide the reward model on what aspects to evaluate when predicting

preferences. In practice, these criteria can be organized into different rubric formats, as illustrated below,

where the underlined text in each example represents the rubric.

• Holistic Rubric. A holistic rubric provides multiple evaluation criteria but asks the reward model

to produce a single overall judgment. For example,

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.
Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please compare the two outputs based on accuracy, informativeness, clarity, and help-

fulness, and give an overall preference.

Reward Model Output:

Output A is better overall because it provides more informative and helpful suggestions.

. . . Therefore, the reward model assigns a higher reward to Output A and selects Output

A as the preferred response.

• Criterion-wise Scoring Rubric. A criterion-wise scoring rubric asks the reward model to assign

a separate score to each evaluation criterion. These criterion-level scores are then averaged or

weighted to obtain the final reward.
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Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please score each output from 1 to 5 on the following criteria: accuracy, informativeness,

clarity, and helpfulness.

Reward Model Output:

Output A: Accuracy 5/5; Informativeness 5/5; Clarity 4/5; Helpfulness 5/5.

Output B: Accuracy 4/5; Informativeness 2/5; Clarity 4/5; Helpfulness 3/5. . . . After

aggregating the criterion-level scores, Output A receives the higher overall score and is

preferred over Output B.

• Checklist Rubric. A checklist rubric decomposes evaluation into atomic and verifiable conditions.
Each condition is evaluated independently, typically using binary labels such as Pass or Fail.

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.
Please check whether each output satisfies the following requirements:

1. Does the response provide exactly three tips?

2. Are the tips relevant to improving math accuracy?

3. Does the response explain the suggested tips?

4. Is the response clear and easy to understand?

Reward Model Output:

Output A: Pass, Pass, Pass, Pass.

Output B: Pass, Pass, Fail, Pass. . . . Since Output A satisfies all checklist items while

Output B does not explain the tips, Output A is assigned the higher reward.

• Hierarchical Rubric. A hierarchical rubric organizes evaluation criteria into multiple levels. The

reward model first evaluates candidate outputs using lower-level criteria and then aggregates these

results into higher-level dimensions to obtain the final reward.
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Reward Model Input

Input: Give me three tips to im-
prove my accuracy in solving math
problems.

Output A: Improving math accuracy
requires careful attention to detail
and consistent practice. Here are
three tips: practice regularly, under-
stand the concepts, and . . .

Output B: Practice more, read care-
fully, and check your answers. . . .

Rubric Generator
(an LLM)

Generated Rubric

Check whether each output
satisfies:
1. Provides exactly three tips
2. Gives math-relevant tips
3. Explains the suggested tips
4. Is clear and easy to read

Generative
Reward Model

Reward Model Output

Based on the checklist:
Output A: Pass, Pass, Pass, Pass.
Output B: Pass, Pass, Fail, Pass.
. . .
Since Output A satisfies all check-
list items while Output B does not
explain the tips, Output A receives
the higher reward.

Preference: Output A

(a) Using an external LLM to generate the rubric

Reward Model Input

Input: Give me three tips to im-
prove my accuracy in solving math
problems.

Output A: Improving math accuracy
requires careful attention to detail
and consistent practice. Here are
three tips: practice regularly, under-
stand the concepts, and . . .

Output B: Practice more, read care-
fully, and check your answers. . . .

Generative
Reward Model

Reward Model Output

We should first use the following check-
list:
1. Provides exactly three tips
2. Gives math-relevant tips
3. Explains the suggested tips
4. Is clear and easy to read

Based on the checklist:
Output A: Pass, Pass, Pass, Pass.
Output B: Pass, Pass, Fail, Pass. . . .

Preference: Output A

(b) GRM self-generates the rubric

Figure 16: Two commonly used approaches for automatic rubric generation. We use checklist rubrics as

an illustrative example.

Reward Model Input:

Input: Give me three tips to improve my accuracy in solving math problems.

Output A: Improving math accuracy requires careful attention to detail and consistent

practice. Here are three tips: practice regularly, understand the concepts, and . . .

Output B: Practice more, read carefully, and check your answers.

Please evaluate the outputs using the following hierarchical criteria:

Content Quality: Accuracy, Informativeness

Presentation Quality: Clarity, Helpfulness

Reward Model Output:

Output A: Content Quality 5/5; Presentation Quality 4.5/5.

Output B: Content Quality 3/5; Presentation Quality 3.5/5. . . . By aggregating the

lower-level evaluations into the two higher-level dimensions, Output A obtains the

stronger final reward and is selected as the better response.

It is worth noting that reasoning can also be incorporated into rubric-based evaluation. For example, in a

checklist-style rubric, the reward model can be asked to reason about each criterion before producing the

corresponding Pass/Fail judgment. Additionally, although we use pairwise evaluation, i.e., taking (x,ya,yb)
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as reward model input, as the running example, rubric-based reward modeling is equally applicable to

pointwise evaluation, i.e., taking (x,y) as reward model input.

The quality of the rubric is crucial to the performance of rubric-based reward models. As a result, recent

work has devoted increasing attention to constructing high-quality rubrics for reward modeling. Similar to

many other components in machine learning, rubric acquisition generally follows two approaches: manual

design and automatic generation.

For manual design, one straightforward approach is to recruit human experts to write rubrics based on

their domain knowledge and task requirements. However, it is often difficult to design a rubric that

comprehensively covers the diverse cases that may arise across different inputs and tasks. This is because

evaluation criteria that are appropriate for one case may be insufficient for another. Additionally, manually

designed rubrics inherit the prompt sensitivity of LLM-based evaluation: even when the underlying evaluation

dimensions remain the same, small differences in wording can lead to noticeably different results.

One promising strategy is to generate rubrics dynamically based on the input. As shown in Figure 16,

existing approaches generally fall into two categories. The first uses an external LLM to generate task-specific

rubrics from the input and evaluation requirements, which are then provided to the reward model for

preference prediction. The second allows the generative reward model to generate its own rubrics for the

current input and then evaluate candidate responses according to these self-generated criteria.

Both approaches formulate rubric generation as an explicit task. This naturally leads to another idea: can

we optimize the rubric generation process itself to produce better rubrics? The answer is yes. Rubrics

generated directly by LLMs may suffer from limited coverage, redundant criteria, or preference misalignment

(Liu et al., 2026a; Shen et al., 2026). To improve rubric quality, we can explicitly refine the generated criteria.

For example, OpenRubrics generates rubrics by contrasting preferred and rejected responses to identify

more discriminative rules and principles (Liu et al., 2026a). We can further learn the rubric generation

process itself through RL training (Xu et al., 2026). More recent studies go one step further by allowing

rubrics to evolve with the policy, so that the evaluation criteria continue to capture new weaknesses as the

model improves (Rezaei et al., 2025; Ding et al., 2026; Yu et al., 2026a). Rubric optimization is becoming

an active research direction, and interested readers can refer to the aforementioned works for further details.

4.1.6 Reward Model Evaluation

After training a reward model, an important question is how to evaluate whether the learned reward function
can accurately capture human preferences. Unlike conventional supervised models that directly predict

explicit labels, reward models learn to assign scores that reflect the relative quality of different outputs.

As a result, existing evaluation approaches mainly focus on measuring the preference modeling ability of

reward models or their effectiveness in downstream RL optimization. Figure 17 compares three mainstream

evaluation paradigms, including RL-based evaluation, pairwise ranking evaluation, and listwise ranking

evaluation. We summarize these commonly used evaluation approaches as follows.

• RL-based Evaluation. A straightforward approach to evaluate a reward model is to measure its

effectiveness in downstream RL training. Specifically, given multiple reward models {M1
r, · · · ,Mk

r},
we use each reward model to provide reward signals for training a policy model while keeping the

training data, RL algorithm, and hyperparameters identical (Wang et al., 2026b; Frick et al., 2025).

After RL training, we obtain a set of optimized policies {P1, · · · ,Pk} and evaluate them on human

preference benchmarks or downstream tasks. The performance of each policy then serves as an

indirect measure of the quality of its corresponding reward model. In this way, we consider that

a high-quality reward model should provide more reliable reward signals, enabling the policy to

achieve better final performance.

• Pairwise Ranking Evaluation. Although RL-based evaluation directly measures whether a

reward model can improve downstream policy optimization, it suffers from two limitations. First,

it introduces significant evaluation costs. Since RL training requires substantial computational
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Use each reward model to provide reward signals for RL training, and evaluate the trained policy
on a benchmark. A higher benchmark score indicates that the corresponding reward model is better
aligned with human preferences.

Reward
Model A

Reward
Model B

Reward
Scores

Policy
LLM

Score of
Reward Model A

Score of
Reward Model B

Evaluation
Results

RL training Evaluating the Trained Policy
Using a Benchmark

(a) RL-based Evaluation

(x,y+,y−)

Reward
Model A

Reward
Model B

y+ ≻ y−

y+ ≺ y−

Evaluation
Results

Human prefers y+, so Reward Model A
better aligns with human preferences.

(b) Pairwise Ranking Evaluation

(x,y1,y2,y3, · · · )

Reward
Model A

Reward
Model B

Best is y3

Best is y4

Evaluation
Results

Human preference selects y3 as the best
output, so Reward Model A better aligns
with human preferences.

(c) Listwise Ranking Evaluation

Figure 17: Commonly used reward model evaluation approaches. For the RL-based evaluation approach,

the reward model is used to provide reward signals for policy optimization, and its quality is measured by

the downstream performance of the optimized policy. For the pairwise evaluation approach, the reward

model compares a preferred output with a dispreferred output, and its prediction is checked against human

preference annotations. For the listwise evaluation approach, the reward model selects the best output from

multiple candidates, and the selected output is compared with the human-preferred one.

resources and time, it is difficult to efficiently compare different reward models. Second, the

evaluation results can be sensitive to other factors in the RL pipeline, such as the choice of RL

algorithms, which may introduce additional variations beyond the quality of the reward model

itself. To address these limitations, a more efficient approach is to directly evaluate the preference

ranking ability of reward models. Given a prompt x and two candidate outputs y+ and y−, where
y+ is preferred over y− according to human preference annotations, the reward model predicts

their relative preference. Specifically, for discriminative reward models, we compare the predicted

scores of the two outputs. If the reward model assigns a higher score to y+, its prediction is

consistent with human preference. For generative reward models, the model directly selects y+ as

the preferred output based on its generated preference. Otherwise, the prediction is considered

incorrect. By constructing a large number of pairwise ranking samples, we can evaluate the reward

model using ranking accuracy:

Acc =
1

N

N∑︂
i=1

I
[︁
Rθ(xi,y

+
i ) > Rθ(xi,y

−
i )

]︁
(48)

where N denotes the number of evaluation samples. Examples of this evaluation approach include

RewardBench (Lambert et al., 2025; Malik et al., 2026), RM-Bench (Liu et al., 2025b), RMB (Zhou

et al., 2025), and JudgeBench (Tan et al., 2025).

• Listwise Ranking Evaluation. In practical alignment scenarios, the reward model often needs

to select the best output from multiple candidates, such as in best-of-n sampling or reranking.

Therefore, listwise ranking evaluation measures whether a reward model can produce a consistent

ranking over a set of candidate outputs. Specifically, given a prompt x and a candidate output set:

Y = {y1,y2, · · · ,yn}, the reward model assigns scores to all candidates. Based on the computed
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rewards, the reward model selects the highest-scoring output:

ybest = arg max
yi∈Y

Rθ(x,yi) (49)

The selected output is then compared with the human-preferred output to evaluate how well the

reward model captures human preferences. We take PPE (Frick et al., 2025) as an example to

illustrate this evaluation approach. Specifically, we can construct each evaluation sample with

multiple candidate outputs, where the quality of each output can be automatically verified. For

example, in mathematical reasoning tasks, we can use an answer verifier to determine whether each

generated solution is correct. Given a set of candidates Y , the verification result of each output can

be represented as:

vi = Verify(x,yi), vi ∈ {0, 1} (50)

where vi = 1 indicates that the output is correct. If the output selected by the reward model is

verified as correct: Verify(x,ybest) = 1, the reward model is considered successful on this instance.

The final performance is measured by the selection accuracy over all evaluation instances:

Acc =
1

N

N∑︂
j=1

I(Verify(xj ,y
j
best) = 1) (51)

where N denotes the number of evaluation instances.

4.2 Better Advantage Estimation

Accurate advantage estimation is critical in RL, particularly when optimizing the policy model to truly

reflect the potential benefits of different actions (or tokens in training LLMs). In this subsection, we will
delve into methods for improving advantage estimation, providing more accurate advantages in the process

of optimizing the policy model.

4.2.1 Temporal Difference-based Advantage Estimation

Let us first review the Monte Carlo-based advantage estimation. As discussed in Section 3.3, outputs are

sampled and their values computed. The advantage can be obtained by comparing the actual received

rewards with the predicted values at time step t:

At =

T∑︂
k=t

rk − Vt (52)

While the Monte Carlo-based estimation of advantage provides a relatively stable training process, there

are two main challenges associated with it:

• Sampling an entire output for each input is necessary. In some cases where immediate rewards are

available, it could be more efficient to update the policy model with partial output. Unfortunately,

when using Eq. (52) for advantage estimation, this becomes unfeasible. This is because we must

compute the term
∑︁T

k=t rk, which requires the rewards of the entire output.

• This method still results in high variance. Since a single sample operation might be influenced by

random factors, the estimated results may not be stable, as illustrated in Figure 18.

To address these challenges, an alternative approach is the temporal difference-based advantage estimation

(Sutton, 1988), which allows for estimating the advantage using incomplete outputs. More specifically,

this method computes the difference between the predicted values at consecutive time steps (i.e., current

and next steps), adjusting the advantage estimate based on new information as it becomes available, thus

38



Improving math accuracy requires

careful attention to detail, strate-

gic problem-solving techniques,

and consistent practice. Here are

three tips:

1. Understand the Fundamentals: Building a strong

foundation in mathematics starts with a solid un-

derstanding of the basics. ...

y<t

Total Tokens: 60, Reward: 6

1. Practice regularly:
- Consistent practice builds fluency and familiarity
with different problem ... Total Tokens: 80, Reward: 8

1. Understand the fundamentals: Solidify your

understanding of basic mathematical principles such

as arithmetic, algebra, ... Total Tokens: 50, Reward: 5

· · ·

Tip 1: Delve into the labyrinth of equations with

the focus of a hawk hunting its prey. Leave no

variable unturned, ... Total Tokens: 300, Reward: 30

y1,t:T

y2,t:T

y3,t:T

yd,t:T

Figure 18: Illustration of the issue of high variance in Monte Carlo-based advantage estimation, using

a length-based reward function as described in Eq. (13). Typically, if the value model is well-trained,

it would predict an average Vt of 6 at time step t, based on most outputs having around 60 tokens in

length. However, for outlier outputs like yd,t:T , which might extend up to 300 tokens, the advantage

estimation can exhibit high variance. For instance, the advantage for such an outlier could be computed as

At(x,yd,<t, yd,t) =
∑︁T

k=t rk − Vt = 30 − 6 = 24, a stark contrast to another output, say y1,t:T , which is

closer to the average length, where the advantage might be At(x,y1,<t, y1,t) = −1. This discrepancy leads

to high gradient variance, potentially destabilizing the learning process.

reducing the dependency on the entire output. In a practical implementation, the temporal difference-based

advantage estimation can be given by

ATD
t = rt + γVt+1 − Vt (53)

By focusing on the current and next steps, temporal difference-based advantage estimation minimizes the

influence of distant future events. This leads to lower variance in optimizing the policy model and improves

the stability of policy training.

4.2.2 Generalized Advantage Estimation

While temporal difference-based estimation effectively reduces variance, it can also increase estimation

bias due to its heavy reliance on the predictions of the value model. By contrast, one effective method is

generalized advantage estimation (GAE), which is one of the most popular advantage estimation methods

used in LLMs and other fields (Schulman et al., 2016). This method mainly refines the advantage estimation

by using exponentially weighted averages of temporal-difference residuals across multiple future steps. More

specifically, consider the temporal-difference residual δt at time step t, defined as

δt = rt + γVt+1 − Vt (54)

GAE introduces parameters that dynamically balance the trade-off between bias and variance. This basic

idea is to use the weighted sum of multi-step temporal-difference residuals as an estimation of the advantage,
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Figure 19: Group relative policy optimization. Compared to PPO, it foregoes the value model by estimating

advantages directly from the rewards of a group of outputs. This method can simplify the training process

and reduce the computational resources.

combining the advantages of Monte Carlo (high variance and low bias) and temporal difference methods

(low variance and high bias). This combination can be expressed as

Agae
t =

T−t∑︂
n=0

(γλ)nδt+n (55)

We can recursively develop the above model:

Agae
t = δt + γλAgae

t+1 (56)

This recursive formulation shows that the current advantage estimate incorporates not only the immediate
temporal difference error at time t but also the estimated advantages of future time steps, weighted and

adjusted by the parameters γ and λ. This method effectively combines the strengths of both Monte Carlo

and temporal difference methods, leading to a more stable and efficient training process.

4.2.3 Group Relative Policy Optimization

Although the methods discussed in the previous subsections effectively estimate advantage during the

learning process, they all rely on a value model that is typically trained concurrently with the policy model.

This dependence not only complicates the training process but also requires significant computational

resources when applied to training LLMs. Given this, a natural idea arises: could we use more lightweight

methods to compute the advantage without relying on the value model? By doing so, we could forego the

value model component, thereby improving efficiency.

In fact, this is entirely feasible, and one example of such an approach is Shao et al. (2024)’s approach, called

group relative policy optimization or GRPO for short. In the GRPO approach, the advantage is computed

based on the relative rewards of the outputs within each group. More specifically, given an input x, GRPO

samples a group of outputs Y = {y1,y2, · · · ,yG}. Then, the rewards for each output are computed using a
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reward model or a reward function, denoted as R = {R(x,y1), R(x,y2), . . . , R(x,yG)}. The advantage of

the i-th output can be computed through a relative reward in comparison to the other outputs:

Agrpo
i,t =

R(x,yi)−Mean(R)

Std(R)
(57)

where Mean(·) and Std(·) represent the mean and standard deviation functions, respectively. Note that the

advantage computation used here differs slightly from that in PPO. In this case, this computed advantage

is applied to each time step, whereas in the traditional PPO, we separately compute an advantage for

each time step. At this point, we can also use the process reward model to supplement the advantage

computation, allowing us to compute an advantage specific to each time step. A simple way to achieve this

is by implementing Eq. (57) at each time step, where the rewards are computed using the process reward

model. As a result, the objective for GRPO can be defined according to Eq. (32):

Lg(θ) = −Ex∼Sx

1

G

G∑︂
i=1

[︄
T∑︂

t=1

Clip
(︁ Prθ(yi,t|x,yi,<t)

Prθref (yi,t|x,yi,<t)
Agrpo

i,t

)︁
− βPenalty

]︄
(58)

In addition to optimizing the advantage computation, GRPO modifies the penalty term to enhance the

optimization objective further. However, since our focus here is on advantage estimation, we will not delve

into its details. Interested readers can refer to the GRPO paper for further details. The workflow of GRPO

is illustrated in Figure 19, showcasing how these modifications integrate into the training process.

Moreover, there are other methods like GRPO that design advantage estimation without relying on a value

model for training LLMs, such as those discussed in Li et al. (2024) and Hu (2025).

4.3 Efficient RL Methods

Efficiency is a critical consideration for many practical applications of RL, and it becomes even more
significant in LLM training due to their vast number of parameters. For example, we might wish to train

LLMs using RL, given memory and time constraints. In practice, the efficiency of RL is not a single issue

but encompasses a wide range of challenges. While these challenges can be categorized in various ways in

the existing literature, we focus on two fundamental aspects: time and space efficiency, which are commonly

considered in efficiency-related problems. For these two efficiency problems, we aim to achieve the desired

RL performance with the least amount of time and memory required.

In this section, we will not discuss all the issues related to the efficiency of RL, which is an extensive topic.

Instead, we will focus on the commonly used efficient methods for training LLMs with RL. Some of these

methods refine the sampling process, while others aim to eliminate certain components, such as the reward

model, and utilize alternative lightweight methods in their place. Nonetheless, although these efficient

methods are suggested for training LLMs, they are rather general and can be utilized in other RL scenarios.

4.3.1 Dynamic Sampling

As mentioned in Section 3.1, training LLMs with RL typically requires sampling for each sample x in

Sx, which introduces significant computational time overhead. This becomes particularly challenging in

large-scale RL scenarios, where thousands of training steps need to be conducted, such as in DeepSeek-R1

(Guo et al., 2025).

From the perspective of LLM inference, there are many methods to reduce the time overhead of sampling:

since the sampling process is implemented by LLM inference, we have reason to believe that any method

that accelerates inference can also be applied to reduce the time required for sampling. Examples include

KV-Cache (Pope et al., 2023), quantization (Zhao et al., 2024), and speculative decoding (Chen et al.,

2023b). However, in this section, we will not discuss these methods in detail, as there are numerous

approaches, each addressing different aspects of LLM inference. We refer the interested readers to these
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papers for more details. Instead, we will focus on one particular method that aims to reduce sampling

overhead from the perspective of optimizing RL for training LLMs.

Before discussing specific methods, let us first review the purpose of sampling. Given a sample x, the goal of

sampling is to explore a better output y from the policy model. This process allows us to evaluate different

possible outputs in order to find those that lead to improved outcomes, enabling the model to make more

informed decisions and optimize its performance on the state. Unlike typical RL scenarios, where policy

models may start with limited information or random initialization, the policy model in LLM training is

usually quite advanced. These LLMs often begin as pre-trained models equipped with substantial knowledge

acquired through pre-training and SFT. As a result, for certain samples, we can consider that the policy

model may already perform well without the need for further exploration and optimization. This can be

viewed through the lens of the classic RL dilemma of exploration versus exploitation (Sutton & Barto,

2018). In such cases, exploration may be less necessary, and exploiting the knowledge already embedded

in the pre-trained model could be more effective. Thus, a balance must be struck between exploring new

possibilities and leveraging the pre-existing knowledge of the policy model to maximize efficiency.

To achieve this balance between exploration and exploitation, one simple and straightforward approach to

improving the efficiency of sampling is to identify the samples that are required to explore and perform

sampling only for those samples. Given an input-only dataset Sx = {x1,x2, . . . ,xN}, where N denotes the

size of the dataset, we can use a reward model to evaluate the need for exploration by the policy model.
First, we generate ŷ for each x using greedy search. Then, by taking x and ŷ as input to the reward model,

the reward for the k-th sample xk is computed as Rϕ(xk, ŷk).

At this point, we can directly use the reward value to determine whether the policy model requires further

exploration and optimization for the sample. Specifically, we set a threshold rupper. If the reward for a

sample exceeds rupper, we can consider that no further sampling and optimization is required. Otherwise,

exploration and optimization are required. This approach enables selective sampling and optimization,

improving the efficiency of the overall process by focusing resources on the most promising samples that are

likely to benefit from further exploration (Wang et al., 2024b). A challenge in implementation is determining

the value of rupper. Typically, we set it as the average reward:

rupper =
1

N

N∑︂
i=1

Rϕ(xi, ŷi) (59)

A similar dynamic sampling strategy, known as prioritized sampling, has proven effective in large-scale RL

scenarios (Team et al., 2025b). However, we must consider another important factor in dynamic sampling.

For samples with very low rewards, the policy model may lack the capacity to learn and optimize effectively.

Excessive exploration of such samples can be inefficient. Consequently, we can introduce an additional

threshold rlower to eliminate unnecessary exploration of these low-reward samples, thereby enhancing

efficiency. In this case, the policy model can concentrate its exploration and optimization efforts on a select

group of samples, avoiding wasted sampling time on those that are unlikely to explore a more optimal

output (Li et al., 2025a).

A concept closely related to the discussion here is sample efficiency. This topic has been widely discussed in
recent literature. For example, some research on knowledge distillation seeks to select a smaller subset of

samples to achieve more optimal performance (Wang et al., 2021). More recently, much work on instruction

sample selection in SFT aims to improve SFT efficiency by learning from a small number of instruction

samples (Chen et al., 2024).

4.3.2 Lightweight Reward Methods

An additional computational overhead in training LLMs with RL is the frequent need to call the reward

model to compute rewards. Furthermore, to ensure the reliability and generalizability of the reward model,
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we often scale it to a large size (Gao et al., 2023), which increases the computational time for reward

computations.

One approach for mitigating this issue is to explore rule-based rewards, for example, as discussed in

Section 3.1, the length of the outputs could be utilized as a reward. Instead of relying on large-scale,

resource-intensive models, rule-based rewards assign rewards using predefined and task-specific rules. These

rules, often derived from expert knowledge or task-specific requirements, are computationally inexpensive

and provide fast, effective feedback to the policy model. By replacing or complementing traditional reward

models with rule-based approaches, we can reduce both the time and computational cost associated with

reward computations while still offering meaningful guidance for the learning process. This approach is

also based on the understanding that, in some tasks, human preferences are simple to describe and do not

require the complexity of training a reward model. Instead, we can use rules to express these preferences

efficiently.

Here, in addition to the previously mentioned length-based rewards, we further demonstrate two examples

of rule-based rewards. First, considering the output format, we can design rewards that encourage the
policy model to generate outputs adhering to specific formats. For example, in response to the input “Give

me three tips to improve my accuracy in solving math problems,” we can assign rewards based on whether

the output can be parsed as JSON correctly and include “tip1”, “tip2”, and “tip3” as the keys.

Input Give me three tips to improve my accuracy in
solving math problems. Return in JSON for-
mat with "tip1", "tip2", "tip3" as the key and
the corresponding tip as the value. (Expect
a JSON output)

Output 1 {
"tip1": " Delve into the labyrinth of equa-

tions with the focus of a hawk hunting ...",
"tip2": " Engage in the art of problem-

solving like a master alchemist turning ...",
"tip3": "Practice, practice, practice, until

the numbers themselves bow in reverence ..."
} (Valid: True)

Output 2 tip1: " Delve into the labyrinth of equations
with the focus of a hawk hunting ...",
tip2: " Engage in the art of problem-solving
like a master alchemist turning ...",
tip3: "Practice, practice, practice, until the
numbers themselves bow in reverence ..."
(Valid: False)

Format

Checker

Reward

+1

+0

Similarly, in mathematical reasoning tasks, where the desired outcome is a correct final answer, we can

design a rule to verify the correctness of the answer and provide rewards based on whether the result is

correct (Havrilla et al., 2024; Shao et al., 2024).

43



Input Weng earns $12 an hour for babysitting. Yes-
terday, she just did 50 minutes of babysitting.
How much did she earn? (Answer is 10)

Output 1 Weng earns 12/60 = $0.2 per minute. Work-
ing 50 minutes, she earned 0.2 x 50 = $10.
#### 10 (Res: 10)

Output 2 To find out how much Weng earned from the
50 minutes of babysitting, we need ...
50 minutes x $12 per hour = $600
So, Weng earned $600 from the 50 minutes of
babysitting.

#### 600 (Res: 600)

Answer

Verification

Reward

+1

-1

In addition to improving computational efficiency, another benefit of using rule-based rewards is their

stability. Compared to reward models, rule-based rewards are less prone to issues such as reward hacking.
As the rules are predefined and not subject to the same complex training process as traditional models,

the risk of misalignment between the optimization objectives of the policy model and the oracle rewards

is reduced. This stability makes rule-based rewards a more predictable and reliable approach, ensuring

that the learning process of the policy model is less influenced by prediction errors or biases that may arise

from the reward model. Furthermore, recent research has shown that employing rule-based rewards can

significantly enhance the reasoning capabilities of LLMs through RL, underscoring its practical effectiveness
(Guo et al., 2025; Xie et al., 2025).

Another lightweight reward method is to use a reward model with fewer parameters, which would reduce

both computational time and resource usage. There are several methods to achieve this. For example, given

that reward models fundamentally utilize an LLM, many efficient methods, such as Mixture of Experts

(MoE) (Masoudnia & Ebrahimpour, 2014) and model pruning (Sun et al., 2024a), originally developed for

LLMs can be adapted to the reward model to improve its efficiency. Furthermore, knowledge distillation

techniques offer a pathway to construct a smaller reward model that learns to emulate the behavior of a

larger one (Wang et al., 2023a). These approaches not only improve the efficiency of the reward model but

also maintain its ability to deliver accurate rewards.

4.4 Direct Preference Optimization

Although learning reward models is a standard step in RL, it makes the entire training process much more

complex than supervised training. Training a reliable reward model is itself not an easy task and a poorly

trained reward model can greatly affect the outcome of policy learning. We now consider an alternative

method, called direct preference optimization (DPO), which simplifies the training framework by eliminating

the need to explicitly model rewards (Rafailov et al., 2023). This method directly optimizes the policy

model based on user preferences rather than developing a separate reward model. As a result, we can

achieve human preference alignment in a supervised learning-like fashion. Figure 20 shows a comparison of

the standard PPO method and the DPO method.

DPO simplifies the RL process for LLMs by utilizing a straightforward cross-entropy loss, which streamlines

the learning process and enhances its stability. Rather than delving into the detailed derivation of the DPO
loss function, we will discuss its optimization objective from the perspective of optimizing an LLM. The

loss function derived from a Bradley-Terry reward model can be given by

Ldpo(θ) = −E(x,ya,yb)∼Dr

[︁
log Sigmoid

(︁
β log

Prθ(ya|x)
Prθref (ya|x)

− β log
Prθ(yb|x)
Prθref (yb|x)

)︁]︁
(60)
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ya ≻ yb

Preference

Data

Reward Model

Value Model

Policy Model

Reference Model

Training with PPO

training with MLE

(a) Training LLMs with PPO

ya ≻ yb

Preference

Data

Policy Model
training with MLE

(b) Training LLMs with DPO

Figure 20: Standard PPO vs. DPO in training LLMs. In PPO, the human preference data is used to train

a reward model, which is then employed to train the policy and the value function. In DPO, the use of

human preference data is more direct, and the policy is trained on this data without the need for reward

model training.

This loss function utilizes the implicit reward for DPO training, which replaces the need for an external

reward model. The implicit reward is computed as the log-ratio of probabilities:

R(x,y) = β log
Prθ(y|x)
Prθref (y|x)

(61)

Here, we can consider that DPO directly models human feedback through the relative likelihood of outputs
under the policy and reference models. This method provides a more straightforward approach than

traditional methods that use a separate reward model and then apply RL algorithms like PPO to adjust the

probabilities of sampled outputs. In this way, we can further understand the optimization objective of DPO

by leveraging the hypothesis space as mentioned in Section 3.1. In practice, as illustrated in Figure 21, we

can see DPO as reranking in the hypothesis space through the Bradley-Terry model approach. Specifically,

this method increases the probabilities of preferred outputs in preference data while decreasing those of

dispreferred ones. Similar to TRPO, DPO also incorporates a penalty derived from the reference model,

which ensures that updates remain within a trusted behavior space for the policy model.

However, there are two sides to every coin. While DPO simplifies the RL process, it also introduces

limitations. Notably, since DPO eliminates the exploration phase during training, its potential peak

performance is generally considered lower compared to RL-based methods like PPO, which incorporate

exploration to discover more effective policies. In other words, the performance of DPO is inherently

bounded by the labeled preferred outputs in the preference data. To address this limitation, current

approaches focus on ensuring high-quality preferred outputs, either by employing advanced LLMs like

GPT-4 or through human labeling (Cui et al., 2024a; Morimura et al., 2024).
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x Give me three tips to improve my accuracy in solving math
problems.

Improving accuracy in math problem-solving is crucial for suc-
cess. Here are three tips to help you enhance your accuracy:
1. Focus on Understanding Concepts: Before diving into solving
problems, ensure you have a solid understanding of the under-
lying concepts. Break down the problem into smaller parts and
relate each part to the concepts you’ve learned. Understanding
the theory behind the problem will help you choose the right
approach to solve it accurately.
2. Practice Regularly: Like any other skill, math proficiency
improves with practice. Work on a variety of problems reg-
ularly to build your problem-solving skills and increase your
accuracy. Start with easier problems and gradually move on to
more challenging ones. Consider using resources like textbooks,
online problem sets, or math apps to practice.
3. Check and Review Your Work: After solving a problem,
always double-check your work for any errors. Pay attention to
details such as signs, decimal points, and units. If time permits,
try solving the problem using a different method to verify your
initial answer. By reviewing your work, you can catch and
correct any mistakes, improving your overall accuracy.

ya

There are three tips for improving accuracy in solving math
problems:
1. Practice regularly.
2. Understand the concepts.
3. Double-check your work.

yb

ya y1 yb y2 · · ·
0

0.2

0.4

0.6

P
r θ
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|x
)

ya y1 yb y2 · · ·
0
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0.4
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P
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Preferred

Dispreferred

Preferred

Dispreferred

Minizing the negative probability:

− log Sigmoid
(︁
β log

Prθ(ya|x)

Prθref
(ya|x)

−

β log
Prθ(yb|x)

Prθref
(yb|x)

)︁

Figure 21: Illustration of the optimization objective of DPO from a hypothesis space perspective. The

right-top chart shows the probability distributions over different hypotheses before optimization, where ya

is the preferred output and yb is the dispreferred output. The right-bottom chart shows the probabilities

after applying DPO, where the likelihood of the preferred output increases and that of dispreferred outputs

decreases. Note that during this optimization process, outputs similar to the preferred output ya (such as

y1) will obtain an increased probability, while those similar to the less preferred output yb (such as y2) will

experience a decreased probability, due to the generalization of the model.

Another limitation associated with DPO is over-optimization. Since DPO employs the Bradley-Terry model
for modeling preferences, it can suffer from over-optimization, such as length exploitation, where a longer

output might be mistakenly deemed as more aligned with human preferences (Singhal et al., 2023; Wang

et al., 2023b). Many efforts have been made to address this issue and propose different variants of DPO, as

detailed in Table 3. Note that here we only provide an introduction to their optimization objectives. For

more discussions on these variants, interested readers can refer to the related papers.

5 RL for LLM Reasoning

So far, our discussion has mainly focused on various aspects of using and improving RL for training LLMs.

The methods mentioned can be easily adapted to a wide range of scenarios where the correctness of an

output can be examined by checking whether the desired result is included. For example, in the task of

calculating a mathematical expression, a reward model can provide positive feedback if the answer is correct

and negative feedback if the answer is wrong. However, in many problems that require complex reasoning,

simply examining the correctness of the final answer is insufficient for learning. Imagine a student who is

only given the final answer to a challenging math problem. Knowing whether the final answer is right or

wrong does not help the student figure out where they went wrong and how to calculate the correct answer.

A better approach would be to guide the student with a step-by-step breakdown of the problem-solving

process and encourage understanding of the underlying concepts and logic behind these steps. To address

this, researchers also explore the potential of RL to teach LLMs not just to generate correct answers but to

develop and present coherent, step-by-step reasoning that aligns with human cognitive processes. In this
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Method Objective

IPO (Azar et al., 2024)
(︂
log Prθ(ya|x)

Prθref (ya|x) − log Prθ(yb|x)
Prθref (yb|x) −

1
2τ

)︂2

CPO (Xu et al., 2024) − log Sigmoid (β log Prθ(ya|x)− β log Prθ(yb|x))− λ log Prθ(ya|x)

KTO (Ethayarajh et al., 2024)
−λaSigmoid

(︂
β log Prθ(ya|x)

Prθref (ya|x) − zθref

)︂
+ λbSigmoid

(︂
zθref − β log Prθ(yb|x)

Prθref (yb|x)

)︂
where zθref = E(x,y)∼S [βKL (Prθ(y|x)||Prθref (y|x))]

ORPO (Hong et al., 2024)
− log pθ(ya|x)− λ log Sigmoid

(︂
log pθ(ya|x)

1−pθ(ya|x) − log pθ(yb|x)
1−pθ(yb|x)

)︂
where pθ(y|x) = e

1
|y| log Prθ(y|x)

R-DPO (Gallego, 2024) − log Sigmoid
(︂
β log Prθ(ya|x)

Prθref (ya|x) − β log Prθ(yb|x)
Prθref (yb|x) + (α|ya| − α|yb|)

)︂
PCDPO (Zhou et al., 2024)

− log Sigmoid (∆∗ −∆Prθ )− log Sigmoid∆Prθ ,

where ∆Prθ = β log Prθ(ya|x)
Prθref (ya|x) − β log Prθ(yb|x)

Prθref (yb|x) , ∆∗ = β1

Sim(ya,yb|x)+β2
+ β3

SimPO (Meng et al., 2024) − log Sigmoid
(︂

β
|ya| log Prθ(ya|x)− β

|yb| log Prθ(yb|x)− γ
)︂

ODPO (Amini et al., 2024) − log Sigmoid
(︂
β log Prθ(ya|x)

Prθref (ya|x) − β log Prθ(yb|x)
Prθref (yb|x) − δ(x,ya,yb)

)︂
Cal-DPO (Xiao et al., 2024)

− log Sigmoid (∆Prθ ) + λLcal

where ∆Prθ = β log Prθ(ya|x)
Prθref (ya|x) − β log Prθ(yb|x)

Prθref (yb|x) , Lcal calibrates implicit rewards.

TDPO (Zeng et al., 2024b)
− log Sigmoid

(︂∑︁Ta

t=1 β log
Prθ(ya,t|x,ya,<t)

Prθref (ya,t|x,ya,<t)
−

∑︁Tb

t=1 β log
Prθ(yb,t|x,yb,<t)

Prθref (yb,t|x,yb,<t)

)︂
+ λ

∑︁
t KLt

where KLt denotes the token-level KL regularization term.

AOT (Melnyk et al., 2024)
LOT ({rθ(x,ya)}, {rθ(x,yb)})
where rθ(x,y) = β log Prθ(y|x)

Prθref (y|x)
, and LOT aligns preference distributions via optimal transport.

D2PO (Shao et al., 2025) − log Sigmoid
(︂∑︁T

t=0 γ
tβ log

Prθ(ya,t|x,ya,<t)
Prθref (ya,t|x,ya,<t)

−
∑︁T

t=0 γ
tβ log

Prθ(yb,t|x,yb,<t)
Prθref (yb,t|x,yb,<t)

)︂

Table 3: DPO variants and their optimization objectives.

regard, RL has previously demonstrated its effectiveness in training neural networks for complex planning

and reasoning within game environments, as evidenced by notable successes such as AlphaGo (Silver et al.,

2016) and AlphaStar (Vinyals et al., 2019). Given these advancements and the inherently interactive nature

of problem-solving, it is also natural to consider the application of RL to LLM reasoning.

In this section, we delve deeper into the application of RL to enhance the reasoning capabilities of the

LLM, a topic that has recently garnered significant attention. We begin by giving a general introduction

to test-time scaling that fully unleashes the reasoning potential of LLMs, including best-of-N sampling,

step-by-step verification, and Monte Carlo Tree Search. We then discuss two critical issues: how to scale

RL effectively, and how to iterate the RL process to enhance the reasoning capabilities of LLMs. Note that

the following methods are primarily illustrated through mathematical reasoning problems, but they are

applicable to a broad range of decision-making problems.

5.1 Test-time Scaling

Initially, we review the fundamental objective of RL: to maximize the rewards obtained during output

generation. This goal has been extensively pursued through various training-time optimization techniques,

such as policy gradient or PPO algorithms. Beyond training, recent research has illuminated the benefits

of scaling up test-time computation, a process also known as test-time scaling, which can significantly

enhance reward maximization, especially in reasoning tasks. In a practical implementation, one simple

approach to achieve test-time scaling is the use of prompting techniques. For example, appending the phrase

“Let’s think step-by-step.” to the input can effectively stimulate the LLM to engage in a more detailed

reasoning process during generation. While this approach can improve reasoning accuracy, it often leads

to suboptimal performance because the model is not inherently trained to understand the most beneficial

reasoning processes. To address this issue, we can perform test-time scaling with guidance from a reward

model, as discussed in the following subsections.
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Karen’s students are about to

take a standardized test. Karen

gets a $500 bonus if their aver-

age score is above 75, plus an

extra $10 bonus for every addi-

tional point the average score

increases above 75. So far, Karen

has graded 8 tests, and the aver-

age is 70. Given that each student

can have a maximum score of 150,

what combined score do the last

two tests need to have for Karen

to earn a $600 bonus?

First subtract $500 from Karen’s goal bonus
amount to find how much she makes from the extra
...
Then divide the extra bonus by the extra rate: ...
Then ... : 850 points - 560 points = 290 points

#### 290

x

Reward: 6

To determine the combined score required for the
last two tests in order for Karen to earn a $600 ...
Since she wants to earn a total of $600 ...
... Thus, to summarize, the combined score needed
on the last two tests for Karen to earn a $600
bonus is: 290 Reward: 8✓

· · ·

The total bonus from the first 8 tests is $500 x 8 =
$4000.
The average score needs to be at least 75 ...
So the minimum possible score for these 2 tests is
85 x 2 = 170.
To find the combined score needed for all 10 tests
...
Therefore, the combined score needed for Karen to
earn a $600 bonus is 1370.
The answer is 1370 Reward: -3

y1

y2

yN

Figure 22: Best-of-n sampling. Given an input, multiple candidate outputs are sampled, and a reward

model is used to select the best output. A majority vote can also determine the final output in scenarios
without a reward model. For example, in this figure, most of the outputs suggest an answer of 290. Therefore,

we can consider any one of the outputs resulting in 290 to be the final output.

5.1.1 Best-of-N Sampling

One approach to test-time scaling using a reward model involves sampling multiple reasoning paths given

input and then using the reward model to select the best one from N alternative outputs generated by the

LLM, called best-of-N sampling (BoN sampling). We can consider BoN sampling a reranking technique.

In fact, reranking methods have been a prevalent technique in NLP, particularly in machine translation,

where they have been employed for a long time to enhance output quality by selecting the most appropriate

translation from a set of candidates. Additionally, this method often functions as a simple model ensemble

approach. In such cases, different outputs generated by various models can be reranked according to a

specified metric.

As illustrated in Figure 22, in the BoN sampling, we first sample N different outputs {y1,y2, · · · ,yN} for

the input x:

yi ∼ Prθ(·|x), i = 1, . . . , N (62)

where the outputs can be sampled in various ways, depending on the decoding algorithm used by the model

(e.g., nucleus sampling or beam search). Once the N output candidates are sampled, the reward model is

used to evaluate and select the best one:

ybest = arg max
yi∈{y1,··· ,yN}

Rϕ(x,yi) (63)
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This process not only identifies the output with the highest reward but also makes it a direct evaluation of

the effectiveness of the reward model. For example, the agreement between the reward model and human

judgments can be assessed by judging whether ybest matches the best output selected by humans. Given its

speed and cost-efficiency compared to more complex evaluation methods such as those used in PPO, this

approach is widely used for evaluating the performance of reward models (Rafailov et al., 2023; Gao et al.,

2023). Nevertheless, in scenarios without a reward model, we can also employ the majority vote approach

to determine the final output of the reasoning task. The basic steps involve first identifying the answer that

most reasoning paths converge upon and then considering any of the outputs leading to this answer as the

final output.

It is worth noting that the result of BoN sampling is also influenced by the diversity of the N -best list.

This is a common issue with most reranking methods. Typically, we wish the N -best output candidates

to be relatively high quality but sufficiently different from each other. In many text generation systems,

the N -best outputs are very similar, often differing by just one or two words. The diversity issue is even

more challenging in LLMs, as the N -best outputs sampled by an LLM can differ in their wordings. Yet,

their semantic meanings are often quite similar. In practice, one can adjust the model hyperparameters

and/or adopt different LLMs to generate more diverse output candidates for reranking. Nevertheless, as

with many practical systems, we need to make a trade-off between selecting high-quality candidates and

ensuring sufficient variation in the sampled outputs.

BoN sampling can also be used to train LLMs. A closely related method is rejection sampling. In this

method, we first select the “best” outputs from the N -best lists via the reward model and then take these

selected outputs to fine-tune the LLM. In this way, we can introduce human preferences into the training of

LLMs via a much simpler approach than PPO. Many LLMs have adopted rejection sampling for fine-tuning

(Nakano et al., 2021; Touvron et al., 2023).

5.1.2 Step-by-step Verification

While BoN sampling is effective for scaling test-time computation, it is inefficient because the model must

generate the entire reasoning path before evaluating its quality. Addressing this inefficiency, one approach is

step-by-step verification, which evaluates the quality of each step while generating a reasoning path9. This

allows us to identify the potential of a path at intermediate steps early and further reduce computational

resources by abandoning unpromising paths. Note that in this approach, traditional reward models, which

are designed to evaluate the entire output, are inadequate. Instead, we need to develop a process reward

model to evaluate each step in the reasoning path.

We can collect or generate reasoning paths corresponding to problems from existing datasets to train a

process reward model. Human experts then annotate each step in these paths for correctness. These

annotations can be used to train LLMs or as rewards in reward modeling directly. However, in practice,

richer annotations are often introduced (Lightman et al., 2024b). In addition to the correct and incorrect

labels, a step can also be labeled as neutral to indicate that while the step may be technically correct,

it might still be problematic within the overall reasoning process. Additionally, an automatic process

annotation framework can be utilized, which relies on generating multiple entire reasoning paths based on

the current step and using the accuracy of these paths to serve as the quality annotation of the step (Wang

et al., 2024d).

Given a set of step-level annotated reasoning paths and corresponding inputs, we can train a reward

model to provide a reward for each step in the reasoning process. The reward model can be treated as a

classification model. Thus, its architecture can be an LLM with a Softmax layer stacked on top, akin to

the architecture depicted in Figure 10. Here, consider a reasoning path including ns steps, represented as

9We typically evaluate each reasoning step from multiple dimensions. A primary consideration is the presence of
errors, assessing whether the intermediate step contains any inaccuracies. Furthermore, we evaluate the advantage
conferred by the step, which examines the potential of the reasoning step to facilitate superior outcomes in subsequent
steps (Setlur et al., 2025).
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y = {ȳ1, · · · , ȳns
}. At each step k, the process reward model takes both the problem description, denoted

by x, and the reasoning steps generated so far, denoted by ȳ, as inputs. It then outputs a probability

distribution over the set of labels correct , incorrect , or correct , incorrect ,neutral , to evaluate the reasoning

at that point. This model can be trained with a standard classification loss, e.g., cross-entropy. Once

trained, the reward model can be used to evaluate reasoning paths by assessing the correctness of each step.

A simple method is to use classification log-probabilities to define the reward of each reasoning step. For

example, the reward of the k-th reasoning step can be given by

Rϕ(x, ȳ≤k) = log Prϕ(correct|x, ȳ≤k) (64)

where Prϕ(correct|x, ȳ≤k) denotes the probability of the correct label generated by the reward model.

The reward score Rϕ(x,y) can then be used to select the best step while generating a reasoning path.

Additionally, as discussed in Section 4.1.4, there is the option to train a generative process reward model,

also called a generative verifier in the literature, to further improve reasoning-step evaluation (Zhang et al.,

2025a). Note that in practice, the process reward model serves not only to provide rewards for test-time

scaling but also to train the model using RL, e.g., the rewards from this model can be employed as shaping

rewards.

As illustrated in Figure 23, step-by-step verification can be conducted using a simple greedy search method.

Specifically, multiple candidate reasoning steps are sampled at each step, and the process reward model
is employed to select the best one. This selected step then serves as the foundation for generating the

subsequent step, continuing this process until the entire reasoning path is obtained. In this way, any search

method can be applied to improve test-time scaling. For example, we can expand the search space with

beam search, retaining multiple promising reasoning steps at each step. Furthermore, the reasoning steps

can be refined through the self-refinement technique at each step using verification feedback, such as rewards,

to enhance accuracy (Yao et al., 2023a).

5.1.3 Monte Carlo Tree Search

In this subsection, we discuss the use of Monte Carlo Tree Search (MCTS), a popular search method in

step-by-step verification. In practice, MCTS is not a new method but is well-established across various

domains. Notably, it typically serves as an effective alternative to traditional RL methods, particularly

in environments characterized by large or intricate state spaces, where conventional RL algorithms may

falter. For example, within an RL framework, MCTS can aid in planning by simulating diverse actions to

maximize rewards, as demonstrated by its success in complex game environments (Silver et al., 2016). In

LLM reasoning, MCTS leverages randomness and structured tree search to probe potential reasoning paths,

thereby expanding the search space in an efficient way. More specifically, as illustrated in Figure 24, MCTS

repeatedly cycles through the following four stages to explore potential reasoning paths:

• Selection. This process begins at the root node (i.e., an input), where the algorithm selects

promising child nodes (i.e., reasoning steps) based on specific selection strategies, such as the Upper

Confidence Bound (namely UCT)10. More specifically, at each step k, among the sampled candidate

reasoning steps, we aim to select the one that maximizes the UCT objective:

ȳ∗
k = argmax

ȳk

(︁
R̄(ȳk) + c

√︄
lnNp

Nȳk

)︁
(65)

where Np denotes the total number of times the parent node has been visited, Nȳk
is the number

of visits to the child node ȳk, and c is a constant that balances the trade-off between exploitation

of known good paths and exploration of new paths. R̄(·) denotes the reward of a reasoning step.

This reward can be static, set by a process reward model, or dynamic, continuously updated based

on the delayed rewards obtained from simulations.

10When MCTS uses the upper confidence bound strategy for node selection, the resulting algorithm is commonly
referred to as Upper Confidence bounds applied to Trees (UCT).
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x
Karen’s students are about to take a standardized test. Karen gets a $500 bonus if
their average score is above 75, plus an extra $10 bonus for every additional point
the average score increases above 75. So far, Karen has graded 8 tests, and the
average is 70. Given that each student can have a maximum score of 150, what
combined score do the last two tests need to have for Karen to earn a $600 bonus?

Let’s denote the combined
score of the last two tests
as x. Given that Karen has
graded 8 tests and the av-
erage is 70, the sum of the
scores of the first 8 tests is
8× 70 = 560. Reward: 7

The first step is to calculate
how much the average score
needs to be above 75 for
that extra $100:
Extra points required = 100

10
= 10

Reward: 1

· · ·
First subtract $500 from
Karen’s goal bonus amount
to find how much she
makes from the extra
$10/point bonus: $600 -
$500 = $100

Reward: 8

· · ·

Then divide the extra
bonus by the extra rate:
$100 / $10/point = 10
points

Reward: 9

Then, divide the remaining
bonus amount by the extra
bonus amount per point to
find out how many addi-
tional points Karen needs:
$100 / $10 = $10

Reward: 2

· · ·
Then, divide the $100
bonus by $10/point to
find the additional average
score Karen needs: $100 /
$10/point = 10 additional
points.

Reward: -1

· · ·

Then, multiply the number
of additional points needed
by the number of tests
Karen has yet to grade,
which is 2: 10 points * 2
tests = 20 points.

Reward: -4

Then, Karen needs the com-
bined score of the last two
tests to be 10 points higher
than the average of 75.
Since there are two tests,
the combined score for the
last two tests needs to be
20 points higher than the
average.

Reward: 3

· · ·
Then add the 10 extra
points to the baseline 75
point goal to find the stu-
dents’ average test score:
10 points + 75 points = 85
points

Reward: 10

· · ·

Self-refinement

· · ·

Figure 23: Step-by-step verification with greedy search. This process can be readily extended to beam

search by retaining the top steps at each step from all candidate paths for further scaling up test-time

computation. As the blue line indicates, the reasoning steps can be refined using verification feedback, such

as rewards, to enhance accuracy.

• Expansion. Once a leaf node (i.e., a newly generated reasoning step based on previously selected

steps) is encountered and it does not represent a terminal state of the reasoning process, the

algorithm expands this node by adding it as a new child node.

• Simulation. The process performs simulations (or rollouts) for each new node added during

the expansion stage. These simulated paths help evaluate the effectiveness of the reasoning steps

initiated from the node. For example, the final answer obtained from the simulation can be

compared with the correct answer to derive a delayed reward.

• Backpropagation. The process updates the UCT values of prior nodes using the results of these

simulations. Key updates include the visitation counts, Np and Nȳk
in Eq. (65), reflecting how
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x

(1) Selection

Karen’s students are about to take a standardized
test. Karen ... what combined score do the last
two tests need to have for Karen to earn a $600
bonus?

First subtract $500
from Karen’s goal
... $600 - $500 =
$100

Let’s denote the
combined score of
the ... 8× 70 = 560.

· · ·

x

(2) Expansion

Karen’s students are about to take a standardized
test. Karen ... what combined score do the last
two tests need to have for Karen to earn a $600
bonus?

First subtract $500
from Karen’s goal
... $600 - $500 =
$100

Let’s denote the
combined score of
the ... 8× 70 = 560.

Then divide the
extra bonus by
the extra ... = 10
points

· · ·

x

(3) Simulation

Karen’s students are about to take a standardized
test. Karen ... what combined score do the last
two tests need to have for Karen to earn a $600
bonus?

First subtract $500
from Karen’s goal
... $600 - $500 =
$100

Let’s denote the
combined score of
the ... 8× 70 = 560.

Then divide the
extra bonus by
the extra ... = 10
points

· · ·
Then multiply
the current

average by the
... = 560 points

Then subtract the
number of points
... = 290 points

· · ·

x

(4) Backpropagation

Karen’s students are about to take a standardized
test. Karen ... what combined score do the last
two tests need to have for Karen to earn a $600
bonus?

First subtract $500
from Karen’s goal
... $600 - $500 =
$100

Let’s denote the
combined score of
the ... 8× 70 = 560.

Then divide the
extra bonus by
the extra ... = 10
points

· · ·

· · ·
Then multiply
the current

average by the
... = 560 points

Then subtract the
number of points
... = 290 points

Figure 24: Illustration of step-by-step verification with MCTS. The process consists of four phases: (1)

Selection, where the algorithm navigates the decision tree to select the most promising node based on
strategies like UCT; (2) Expansion, where new potential nodes are added to the tree for further exploration;

(3) Simulation, where each new node is evaluated by simulating possible outcomes (i.e., reasoning paths);

and (4) Backpropagation, where the outcomes from the simulations are used to refine node values, such as

UCT values, thus enhancing the decision-making for subsequent explorations.

frequently each node has been explored. Additionally, this stage allows for the incorporation of

delayed rewards to adjust the R̄(ȳk) values.

5.2 Iterative RL

Training LLMs with RL usually follows a two-phase approach: training a pre-trained LLM with SFT and

further training with an RL algorithm applied to the SFT LLM. However, using large-scale RL in such a
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Pre-training an LLM

Cold Start

for Reasoning

Large-scale RL

for Reasoning

Rejection Sampling

for Multi-task

RL

for Multi-task

Starting with a pre-trained model, the iterative process incorporates a series of
strategically designed phases to enhance the reasoning capabilities of the LLM.

This phase involves collecting high-quality data from various reasoning tasks,
which is then used to fine-tune the pre-trained LLM, providing a cold start.

x

y

Pre-trained
LLM

SFT
LLM

SFT

Following the cold start, the model undergoes large-scale RL, leveraging rule-
based rewards to enhance reasoning capabilities.

x SFT
LLM

y1 6

· · · · · · · · ·
yG 12

Rewards

Reinforced
LLM

GRPO

This phase performs multi-task rejection sampling to further enhance the
readability of outputs.

x Reinforced
LLM

y1

· · · · · ·
yN ✓

SFT
LLM

SFT

In the final phase, multi-task RL is implemented to ensure broader generaliza-
tion and maintain high performance across tasks beyond reasoning.

x SFT
LLM

y1 0.6

· · · · · · · · ·
yG 0.7

Rewards

Reinforced
LLM

GRPO

Figure 25: Illustration of iterative RL in DeepSeek-R1 (Guo et al., 2025). This method maintains

multi-phase RL to develop a robust reasoning LLM with a GRPO algorithm. Initially, a pre-trained LLM
is fine-tuned using a small set of high-quality labeled reasoning data with SFT as a cold start. Then,

large-scale RL is applied specifically to enhance reasoning capabilities. After that, the model undergoes

rejection sampling across multiple tasks to refine output quality. In the final phase, the model is further

trained using RL to enhance generalization across various tasks.

two-phase approach to train LLMs in reasoning may lead to significant knowledge forgetting as the model

continuously adjusts to fit the reward model. For example, as mentioned in DeepSeek-R1 (Guo et al.,

2025), directly applying large-scale RL can achieve the desired reasoning outcomes, but often at the cost of

reduced readability in the reasoning process. To address these challenges, we can utilize an iterative RL

approach to continuously enhance the various capabilities of the LLM. Here we consider DeepSeek-R1 as

an example to illustrate how to perform an iterative RL. The idea is to split the RL process into multiple

phases, each designed to enhance different capabilities using varied rewards, to develop a robust reasoning

model that is able to generate clearer and more comprehensible reasoning paths. Figure 25 provides a

schematic illustration of the iterative RL process. Here we give a brief outline of each phase involved.

• The iterative RL aims to train an LLM that generates a human-like reasoning process. Initially, it

involves collecting high-quality data from various reasoning tasks, such as mathematical problem-
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solving and code generation. This data is then used to fine-tune a pre-trained LLM as a cold start.

This phase is designed to equip the LLM with basic reasoning capabilities, preventing linguistically

confused or nonsensical reasoning paths from being sampled during the following RL phase.

• After the cold start phase, large-scale RL is employed on the reasoning task. During this phase,

rule-based rewards (i.e., format checking and answer verification) are utilized to optimize the

reasoning process continuously. By doing so, the model learns longer and more reasonable reasoning

paths, progressively enhancing its capacity to tackle complex reasoning tasks.

• While the model has learned how to generate reasoning paths through large-scale RL, it often

produces outputs with poor readability. This can mainly be attributed to the large-scale RL phase,

which does not focus on optimizing the readability of the reasoning paths but instead solely on

format correctness and answer accuracy. To address this issue, the third phase involves using

rejection sampling to further enhance the readability of outputs. More specifically, multiple outputs

are sampled from the model trained in the previous phase across various tasks such as mathematical

reasoning, code generation, and question answering. A reward model then selects the best outputs,

as discussed in Section 5.1.1. These selected outputs are used to train the model using SFT, which

aims to refine its performance by aligning it more closely with human-like reasoning.

• In the final phase, multi-task RL is implemented to ensure broader generalization and maintain

high performance across tasks beyond reasoning. The process involves training the model using RL

on various tasks against a general reward model.

An interesting issue arises with this design of iterative RL: why is RL aimed at enhancing reasoning

capabilities placed before the later rejection-sampling and multi-task RL phases rather than postponed to

the end? The key reason is that the later phases depend on a model that can already explore meaningful

reasoning trajectories. If the model has not first acquired this ability, rejection sampling is likely to draw

from low-quality reasoning paths, and multi-task RL has to optimize general alignment and task performance

while also trying to repair basic reasoning behavior. Placing reasoning-oriented RL early therefore expands

the pool of useful trajectories for subsequent data construction and makes later optimization stages more

effective. This ordering is also practical because reasoning rewards, which are inherently more stable as

described in Section 4.3.2, are well-suited for large-scale RL. Furthermore, reasoning capabilities can be

applicable across many tasks, allowing the early RL phase to serve as a broad capability-building stage

before later task-specific refinement. In this case, large-scale RL could be viewed as an approach to continued

pre-training.

Since the optimization objective of each phase is different, the design of iterative RL can also be analyzed
and understood from the perspective of multi-objective optimization (Wang et al., 2024a). In the context

of multi-objective optimization, iterative RL for LLMs can be likened to interactive methods where the

solution process is iterative, and preferences are actively defined and refined by the decision-maker during

the search for the most preferred solutions (Miettinen et al., 2008; Deb et al., 2016). More specifically, in this

scenario, RL can be seen as a decision-maker, iteratively refining and enhancing the different capabilities of

the LLM across different phases.

5.3 Large-scale RL

While test-time scaling is instrumental in exploring more effective reasoning paths, its potential is restricted

if the model has not learned to generate high-quality reasoning paths. In other words, in practice, test-time

scaling struggles to achieve desired outcomes without foundational reasoning ability, no matter how extensive

it is (Yuan et al., 2023; Zeng et al., 2025). Consequently, there has been a growing research interest in

training LLMs specifically to develop reasoning abilities that mimic human-like processes. A straightforward

approach is to use annotated reasoning data to train the LLM through SFT. However, a significant challenge

in this approach is the high cost of annotations, especially since annotating detailed step-by-step reasoning

paths is significantly more cost-intensive than annotating SFT data in other tasks like machine translation

and summarization.
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Another more advanced approach is to utilize large-scale RL, transitioning from human-annotated to

self-reinforced learning processes. Unlike the RL used as a fine-tuning method discussed in Section 3, which

typically involves training for a few dozen or hundreds of steps at a small scale, this approach applies

RL at a larger scale with rewards to break free from the limitation of supervised reasoning data. This

approach has enabled the development of robust reasoning models, such as OpenAI-o1 (OpenAI, 2024),

DeepSeek-R1 (Guo et al., 2025), and Kimi-1.5 (Team et al., 2025b). Notably, DeepSeek-R1-Zero was able

to develop a robust reasoning model by applying large-scale RL to a pre-trained LLM without the need for

any annotated reasoning data. However, despite its successes, large-scale RL is not easy and introduces

unique challenges that are not present at smaller scales, as follows.

One is that large-scale RL requires a highly generalizable reward model. As the scale of training increases,

the model is trained on broader data, necessitating a reward model capable of effectively generalizing across

this varied data. On the other hand, the extensive scope of training introduces significant variability in

the model, leading to considerable changes in sampling behaviors. Consequently, it is crucial to ensure

that the reward model possesses robust generalization capabilities to prevent overfitting and maintain the

effectiveness of the learning process. There are several methods to achieve this. For example, Guo et al.

(2025) incorporated rule-based rewards, as discussed in Section 4.3.2, such as format checking and answer

verification in reasoning scenarios, which can provide a stable reward throughout the learning process. This

suggests that in certain RL scenarios, prioritizing rule-based rewards may be beneficial if they can effectively

describe human preferences. Yuan et al. (2024) introduced a self-rewarding framework that dynamically
updates the reward model based on the currently optimized policy model so that this reward model can

effectively evaluate the behaviors from the current policy model.

Another is that large-scale RL might be constrained by the reference model. To prevent the policy model

from deviating too far from its initial state, an SFT LLM is typically employed as the reference model,

adding a penalty that restricts updates to ensure the policy model operates within a desirable behavior

region. However, reliance on a static reference model can limit the adaptability and innovation potential of

the policy model in large-scale RL. A common strategy to mitigate this issue is to periodically update the

reference model to better align with the improving capabilities and knowledge of the policy model, thus

striking a balance between stability and adaptiveness during the training process (Gorbatovski et al., 2025).

5.4 On-Policy Distillation

While large-scale RL has shown strong potential for improving model capabilities, it often relies on large

amounts of verifiable training data. Several approaches have been explored to relax this requirement. A
straightforward solution is to construct proxy rewards from the model’s own outputs. For example, we

can use majority voting to derive pseudo-gold answers and compute accuracy-based rewards. A more

promising direction is on-policy distillation (OPD), which introduces supervision from a stronger teacher

model while preserving on-policy exploration of the student model11. The key idea is to let the student

model generate reasoning trajectories on-policy and then use the teacher model to provide token-level

distributional supervision at the states actually visited by the student.

Compared with conventional offline distillation, OPD adopts a simple but important design: the training

samples are generated online by the current student policy rather than collected offline from the teacher

model. This design mainly addresses the distribution mismatch in offline distillation, where the student

is trained on teacher-generated trajectories that may differ from the states it encounters during its own

inference. In contrast, OPD provides teacher supervision directly on the states visited by the student,

allowing the teacher to correct the student’s actual behaviors. For example, consider a mathematical

reasoning problem where the student has already generated the partial trajectory “3x+7=22 → 3x=15”.

At this student-generated state, the teacher model can directly provide token-level supervision that assigns

a higher probability to generating “x=5” next, rather than an incorrect continuation such as “x=4”. In this

11In standard knowledge distillation settings, we typically refer to the “smaller” model as the student model and
the “larger” model as the teacher model.
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Teacher’s next-token distribution
given the state x,y<i

x = 5 x = 6 (eos)· · ·x = 4

Prtea(·|x,y<i)

Student’s next-token distribution
given the same state x,y<i

x = 4 x = 6 (eos)· · ·x = 5

Prθ(·|x,y<i)

Teacher
Model

Input (state):
x,y<i

Student
Model

Input (problem):

x

Generate

Student-generated partial trajectory (y<i)

3x + 7 = 22 3x = 15 ?

R(x,y<i) =
n∑︁

t=i

KL(Prtea(·|x,y<t)||Prθ(·|x,y<t))

Computing rewards:

Student’s predicted
Distribution Prθ(·|x,y<t)

Teacher’s predicted
Distribution Prtea(·|x,y<t)

Figure 26: Illustration of OPD (Agarwal et al., 2024). The student model generates trajectories from its

current policy, while the teacher model provides next-token distributional supervision at the states visited

by the student. The divergence between the teacher and student distributions is used to construct dense

token-level rewards for optimizing the student model.

way, OPD teaches the student how to continue correctly from the states it actually visits, rather than only

imitating complete trajectories generated by the teacher model.

This implementation of OPD is relatively simple, as illustrated in Figure 26. Given an input x, we first
sample an output y = {y1, . . . , yn} from the current student model Prθ(·|x). For each token position i, the

prefix (x,y<i) denotes a state actually visited by the student model. We then feed the same state into

the teacher model Prtea and obtain its probability distribution over the next token. The student model is

optimized to match this teacher distribution. This OPD objective can be defined as:

Lopd(θ) = Ex∼Sx,y∼Prθ(·|x)

[︄
1

n

n∑︂
i=1

KL (Prtea(·|x,y<i)∥Prθ(·|x,y<i))

]︄
(66)

Here, the KL divergence measures the discrepancy between the teacher and student distributions at each

student-visited state. For optimization, we can treat the negative KL divergence at each token position as a

token-level reward, such that a smaller discrepancy between the student and teacher distributions yields

a higher reward. Based on these dense token-level rewards, standard RL algorithms can then be directly

applied to optimize the student model. From the perspective of reward construction, OPD provides more

fine-grained supervision than conventional outcome-based approaches, which assign rewards only after the

complete response is generated. In contrast, OPD provides token-level feedback throughout generation,

making the supervision denser. However, this benefit comes with additional computational cost. The

teacher model must evaluate student-generated states and produce next-token distributions during training,

which requires extra forward passes and increases both memory and computation overhead.
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6 Agentic RL

Using RL to train agents, often referred to as agentic RL, is not a new concept. In classical machine learning,

agentic RL typically involves training a domain-specific decision model from scratch. For example, in tasks

such as playing complex games like Atari and Go (Mnih et al., 2013; Silver et al., 2017) or controlling

robotic locomotion (Lee et al., 2024), the goal is to explore a structured environment and learn an optimal

policy starting from random initialization.

With the emergence of LLMs as core components of autonomous systems, the role of RL has shifted from

learning policies from scratch to adapting pretrained models for sequential decision-making in dynamic

and open-ended environments. In this context, agentic RL aims to address a key limitation of LLMs:

although they contain extensive world knowledge, their outputs are not inherently optimized for long-horizon

interactions. For example, an SFT-trained LLM may successfully generate code for calling an external API,

but it may fail to recover from unexpected execution errors during interaction.

In this section, we focus on the emerging paradigm of agentic RL for LLM-based agents. We first discuss how
RL enables agents to acquire fundamental capabilities, including long-horizon planning and tool-integrated

reasoning. We then introduce the role of environment design and scaling, which provide the essential

foundation for training and evaluating agentic RL systems. We also discuss credit assignment, which

provides more fine-grained feedback for agent learning. Finally, we explore how agents can continuously

improve from their interaction experiences through mechanisms, including memory management, skill

optimization, and trajectory refinement.

6.1 Building Agent Capabilities

LLM-based agents extend LLMs from passive response generators to interactive decision-making systems.

Instead of producing a single response, agents continuously observe their environments, select actions, and

update their behaviors through interaction. This interaction loop enables agents to solve complex tasks

that require long-horizon execution. Although LLMs already possess strong capabilities, such as instruction
understanding and reasoning, these capabilities are mainly developed for static text generation and may not

be sufficient for dynamic interaction scenarios. When deployed as agents in real-world environments, LLMs

need to further adapt their reasoning abilities to sequential decision-making, where they must decompose

high-level goals into executable steps, select appropriate actions, and recover from unexpected failures

during execution.

Such agentic capabilities are difficult to acquire from static input-output demonstrations alone. The

effectiveness of an individual decision often depends on its long-term consequences and the final task

outcome. A locally reasonable action may eventually lead to failure after multiple interactions, while an

unsuccessful attempt may provide valuable experience for future decisions. To address this challenge, RL

has become a standard approach for training agentic systems, enabling agents to explore different behaviors
and improve their abilities through environmental feedback (Singh et al., 2025c; Feng et al., 2025).

In this subsection, we focus on two key capabilities in agentic RL: planning and tool use. Planning enables

agents to decompose complex goals into executable steps and make effective decisions over long horizons.

Tool use allows agents to interact with external resources, such as knowledge sources and computational

tools, thereby extending their capabilities beyond the information encoded in model parameters.

6.1.1 Planning

An agent’s autonomy refers to its ability to independently determine the steps required to complete a given

task, even when these steps are not explicitly specified in the input. This capability requires the agent to

infer the necessary procedure from the task description, decompose the goal into executable subgoals, and

decide when and how to invoke external tools. Such autonomy is often reflected in the generation of a
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Environment and
Task

Environment (e):

• Calculator
• Database API

Task (q):

Weng earns $12 per
hour for babysit-
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Figure 27: Overview of SFT data construction for improving agent planning.

structured plan that guides the execution trajectory. For example, given a specific task description, the
agent may produce an actionable plan with tool-use decisions as follows:

Input Environment : Calculator, Database API

Task : Weng earns $12 per hour for babysitting. Yesterday, she babysat for 50

minutes. How much did she earn? Please save the result into the database.

Output 1. Extract the relevant numerical values and identify the required computation.

2. Call the calculator tool to evaluate the expression 12× (50/60).

3. Format the computed result into a valid JSON schema.

4. Invoke the update record API to save the final earnings into the database.

Next, I will execute the plan step by step.

· · · · · ·

Unlike single-turn response generation, agent planning requires a sequence of interdependent decisions,

where early choices can affect subsequent tool use, environmental feedback, and final task success. Improving
planning capability therefore requires not only teaching the model to generate reasonable intermediate

steps, but also enabling it to adjust its behavior based on execution outcomes. To this end, researchers

have explored various approaches to achieving this goal. Among them, one promising approach is RL, as

it naturally formulates agent planning as sequential decision-making driven by environmental feedback

and trajectory-level rewards. In practice, SFT provides a cold start by allowing the model to imitate

high-quality planning trajectories, while RL further refines the agent through interaction-based feedback

and trajectory-level optimization.

6.1.1.1 Supervised Planning Data

Before applying RL, SFT is commonly adopted to provide a cold start for LLM-based agents by teaching

them basic planning and interaction behaviors (Chen et al., 2023a; Zhang et al., 2024b; Zeng et al., 2024a).

As illustrated in Figure 27, constructing SFT data for agent planning typically involves three stages: (1)

preparing diverse environments and planning tasks; (2) synthesizing expert-level trajectories, consisting

of action-observation sequences, through agent-environment interactions; and (3) selecting high-quality

trajectories based on predefined evaluation criteria. Specifically, expert trajectories can be generated

by leveraging state-of-the-art LLMs as expert agents and retaining reliable demonstrations according to

reward signals or task success criteria. Through this process, LLMs can learn planning behaviors from
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demonstrations and improve their ability to generate structured execution plans.

x = [e, q] (67)

y = [p, u1, o1, · · · , uT , oT ] (68)

where e denotes the environment information, including available tools and external resources, and q

represents the task description provided by users. p denotes the generated plan that decomposes the task

into intermediate steps. ut and ot represent the agent’s behavior and the corresponding observation from

the environment at the t-th interaction step, respectively. Specifically, ut denotes the executable behavior

performed by the agent, such as tool invocation, while ot denotes the feedback returned by the environment

after executing ut. Therefore, {u1, o1, · · · , uT , oT } forms a sequential interaction trajectory between the

agent and the environment. It is worth noting that although ut and at in Section 2 both represent “action”,

they are defined at different levels of abstraction. Specifically, ut represents a high-level interaction step

in agent planning, such as calling a specific tool, whereas at represents the low-level token-level action in

the standard LLM-based RL formulation, corresponding to the generation of an individual token by the

language model.

Similar to LLM instruction tuning (Longpre et al., 2023; Zhou et al., 2023), the scale and quality of

trajectory data significantly influence the effectiveness of agent training. High-quality trajectories provide

explicit supervision signals for agents to learn how to decompose complex tasks, select appropriate tools, and

interact with dynamic environments. Therefore, recent studies have explored constructing trajectory-based

instruction tuning datasets to enhance the planning capabilities of LLM-based agents.

A straightforward approach is to utilize generated trajectories for instruction tuning. However, trajectories

collected from LLM-based agents may contain unsuccessful plans, ineffective tool usage, or execution failures,

which can introduce noisy supervision. Therefore, existing methods typically employ filtering strategies based

on task success criteria or heuristic rules to select high-quality demonstrations. For example, AgentTuning
constructs AgentInstruct by collecting interaction trajectories and filtering unsuccessful samples, while

FireAct investigates the impact of diverse trajectory data from multiple tasks and reasoning paradigms for

improving agent fine-tuning (Zeng et al., 2024a; Chen et al., 2023a).

Beyond selecting high-quality trajectories, another challenge lies in effectively representing the complex in-

teraction processes within trajectories. Unlike conventional instruction tuning, agent trajectories contain not

only final responses but also intermediate planning processes and multi-step interactions with environments.

Therefore, how to organize and annotate different components of trajectories becomes crucial for enabling

agents to acquire planning and execution capabilities. To address this challenge, AgentLUMOS introduces

a modular training framework that explicitly separates high-level planning and low-level execution (Yin

et al., 2024). Specifically, its planning module learns to generate high-level subgoals, while its grounding

module learns to translate these subgoals into executable actions through external tools. Such a modular

design enables agents to acquire different capabilities from structured trajectory annotations.

Furthermore, even with effective trajectory selection and representation, scaling the generation of diverse

and high-quality trajectory data remains challenging. Existing approaches often rely on manually designed

environments and planning tasks, which limits the diversity and coverage of collected trajectories. Designing

new environments requires substantial human expertise, while constructing tasks with appropriate difficulty

levels remains difficult. To address this limitation, AGENTGEN explores automatically generating diverse

environments and planning tasks with LLMs, enabling large-scale synthesis of trajectory data with varying

task complexity for agent training (Hu et al., 2025).

6.1.1.2 Learning to Plan with RL

Although SFT can provide a useful cold start for agent planning, it mainly teaches the model to imitate

offline demonstrations. This limits its ability to improve beyond the quality and coverage of the collected

trajectories. In contrast, RL further optimizes planning through direct interaction with the environment,

where the agent receives feedback based on the outcome of its generated plans and executed behaviors.
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Under the agent planning formulation, the LLM-based agent can be viewed as a high-level policy that

generates a plan and then produces a sequence of executable behaviors (Li et al., 2025b). Given the

environment information e and task description q, the agent first generates a plan p and then interacts with

the environment through a sequence of behaviors and observations:

τ = [p, u1, o1, · · · , uT , oT ] (69)

The goal of RL is to optimize the agent policy so that the generated trajectory receives higher feedback

from the environment. This objective can be written as

θ∗ = argmax
θ

Eτ∼πθ(·|e,q) [R(τ)] (70)

where πθ denotes the agent policy parameterized by the LLM, and R(τ) denotes the trajectory-level reward

that evaluates the overall quality of the planning process. In practice, this reward can be defined according

to task success. The objective can then be optimized using standard RL algorithms introduced in Section 3,

such as PPO or GRPO.

Compared with SFT, RL provides two important advantages for agent planning. First, it enables the agent

to learn from execution outcomes rather than only from static demonstrations. If a plan leads to failed tool
execution or poor environmental feedback, the agent can be penalized and encouraged to explore alternative

behaviors. Second, RL supports trajectory-level credit assignment, allowing the model to adjust earlier

planning decisions according to later outcomes. This is crucial for agent planning, where early subgoal

decomposition or tool selection can substantially affect the final task success.

6.1.2 Tool Use

Tool use is another fundamental capability of LLM-based agents. Tools extend the agent beyond its internal

parameters. They allow the agent to access external knowledge and execute actions in external systems.
Early studies show that LLMs can use tools through prompt-based reasoning-action patterns (Chang et al.,

2024; Yao et al., 2023b). ReAct is a representative example, where the model alternates between reasoning
steps and tool-use actions (Yao et al., 2023b). However, prompt-based tool use is often unstable. It depends

heavily on the capability of the model. Thus, SFT methods train LLMs on tool-use trajectories, so that the

model can learn when and how to invoke tools from demonstrations (Komeili et al., 2022; Schick et al.,

2023). Still, SFT mainly teaches imitation. It cannot directly optimize whether the agent should use a

tool, which tool it should select, or how to balance tool benefit with tool cost. RL provides a natural

framework for efficient tool use. We can define rewards based on task success, tool-use correctness, or

tool-use completeness (Qian et al., 2025; Singh et al., 2025b).

6.1.2.1 Prompt-based Tool Use

Prompt-based tool use is a simple approach to enable LLM-based agents to interact with external tools

without updating model parameters. However, the model may not naturally know when to invoke a tool

or how to organize tool-use behaviors. Thus, we usually need to provide tool descriptions and a few

demonstrations in the prompt. These demonstrations show the model how to alternate between reasoning,

tool invocation, and observation. At each step, the model first generates a reasoning trace, then produces

a tool-use action. After the tool returns an observation, the model uses this feedback to update its next

decision. For example,
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Tools calculator(expression): return the numerical result of an expression.

update record(json): save a JSON record into the database.

Demonstration Task: Tom earns $15 per hour. He worked for 2 hours. How much did he

earn? Please save the result into the database.

Thought: I need to compute the total payment.

Action: calculator(15× 2)

Observation: 30

Thought: The payment is 30 dollars. I need to save it into the database.

Action: update record({”earning”: 30})
Observation: success

Answer: Tom earned $30, and the result has been saved into the database.

Current Task Weng earns $12 per hour for babysitting. Yesterday, she babysat for 50

minutes. How much did she earn? Please save the result into the database.

Output Thought: I need to compute the payment based on the hourly wage and

working time.

Action: calculator(12× 50/60)

Observation: 10

Thought: The payment is 10 dollars. I need to save it into the database.
Action: update record({”earning”: 10})
Observation: success

Answer: Weng earned $10, and the result has been saved into the

database.

This demonstration teaches the model a tool-use pattern. The model learns to reason about the task, invoke

an external tool when necessary, read the returned observation12, and continue the execution process.

6.1.2.2 Supervised Tool-use Data

To make tool use more reliable, we can further train LLMs on tool-use trajectories. In this setting, each

training example contains a user task, available tool descriptions, and a demonstrated tool-use process. The

model learns when to invoke a tool, which tool to select, how to construct valid arguments, and how to use

the returned observation. For example, we can construct a training example as follows:

x = Task: Weng earns $12 ... Tools: calculator(expression), ... , update record(json)

y = Thought: compute the payment; Action: calculator(12× 50/60); ...; Answer: Weng earned $10.

With such data, SFT teaches the model to imitate the demonstrated tool-use pattern. The model can learn

the format of tool invocation and the role of observations in later generation.

A common way to construct such data is to manually annotate tool-use trajectories. However, this requires

annotators to know which tool should be used, how to write valid arguments, and how to judge whether
the returned observation is useful. This process is costly and difficult to scale to many tools and tasks.

A representative approach to addressing this data construction problem is Toolformer, which uses a self-

supervised method to generate tool-use data (Schick et al., 2023). Instead of relying on large-scale human

annotations, Toolformer starts from only a few demonstrations for each API. It then lets the language

model annotate a large text corpus with possible API calls. After executing these calls, Toolformer keeps

only the API calls that help the model better predict future tokens. The filtered data is then used to

12We refer to the response returned by an external tool as an “observation”.
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fine-tune the model. Through this process, the model learns when to call a tool, what arguments to pass,

and how to incorporate the tool result into later generation.

Beyond learning to use a small set of tools, later studies further scale tool-use training to larger and more

realistic API spaces. API-Bank builds a benchmark and training set for tool-augmented LLMs, where models

need to plan, retrieve, and call APIs in executable environments (Li et al., 2023). ToolLLM constructs

ToolBench with more than 16,000 real-world APIs and uses automatically generated instruction-solution

trajectories to train ToolLLaMA (Qin et al., 2024). Gorilla focuses on API calling at scale and fine-tunes

LLaMA-based models to generate accurate API calls. It also uses a document retriever to reduce API

hallucination and adapt to changing API documents (Patil et al., 2024).

6.1.2.3 Learning to Use Tools with RL

Although SFT can teach LLMs to imitate tool-use demonstrations, it is still limited by the coverage and

quality of offline trajectories. The model mainly learns the tool-use patterns that appear in the supervised

data. As a result, it may fail to generalize to unfamiliar tools, complex tool combinations, or new interaction

patterns. More importantly, SFT does not directly optimize whether a tool call is necessary, whether the

selected tool is appropriate, or whether the returned observation improves the final answer. This limitation

becomes more serious in multi-step tool-use scenarios, where the model needs to decide when to call a tool,

how to formulate the tool input, how to interpret the tool output, and when to stop using tools.

To address this limitation, researchers have explored RL for enhancing tool use. Instead of only imitating

fixed demonstrations, the model can interact with tools during rollout and receive feedback from task

outcomes or tool execution results. Given a user task q and a set of available tools T , the model generates

a tool-use trajectory:

τ = [h1, u1, o1, · · · , hT , uT , oT , y] (71)

where ht denotes the reasoning state at the t-th step, ut denotes the high-level tool-use action, ot denotes

the observation returned by the tool or environment, and y denotes the final answer. Here, ht can include

natural language reasoning, while ut represents an executable behavior such as selecting a tool and providing
arguments. The goal of RL is to optimize the policy so that the generated trajectory receives a higher

reward:

max
θ

Eτ∼πθ(·|q,T ) [R(τ)] (72)

In practice, this objective can be optimized with standard RL algorithms such as PPO or GRPO. Recent

studies show that such outcome-driven optimization can help LLMs learn more adaptive tool-use behaviors,

such as deciding when to search, when to execute code, and how to revise a tool call after receiving an error

message (Jin et al., 2025; Chen et al., 2025; Feng et al., 2025; Singh et al., 2025a).

However, RL-based tool use also introduces several unique challenges. First, the action space is more

complex than ordinary text generation. A tool-use action may involve tool selection, argument generation,

execution timing, and response integration. A small error in any part can lead to tool failure. Second, the

reward signal is often sparse and delayed. The environment may only provide a final success signal after the

whole trajectory is completed, making it difficult to identify which tool call causes success or failure. Third,

tool use may introduce additional costs. Unnecessary tool calls can increase latency and computation cost,
while insufficient tool use may lead to incorrect answers. Therefore, the model needs to learn not only how

to use tools, but also how to use them efficiently.

A key direction is to design more informative rewards for tool use. Instead of using only a final-answer

reward, we can decompose the reward into multiple components:

R(τ) = Rans(τ) + αRfmt(τ) + βRexec(τ) + γRtool(τ)− λCtool(τ) (73)

where Rans measures final answer correctness, Rfmt measures whether the model follows the required tool-use

format, Rexec measures whether tool calls can be successfully executed, and Rtool measures whether the
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model selects appropriate tools and passes valid arguments. Ctool denotes the cost of tool use, such as the

number of tool calls, latency, or computational expense. The coefficients α, β, γ, and λ control the relative

importance of different reward terms.

In application, this reward decomposition provides denser feedback than final-answer rewards. For example,

if the model selects the correct tool but passes an invalid argument, the execution reward can penalize the

invalid call while preserving credit for the correct tool selection. If the model reaches the correct answer but

uses many unnecessary tool calls, the cost term can discourage inefficient behavior. ToolRL systematically

studies this reward design problem and shows that fine-grained reward decomposition can make RL training

more stable and effective for tool selection and tool application (Qian et al., 2025).

Another direction is to use RL to improve strategic tool use. For example, ReTool first builds a cold-start

model with code-augmented reasoning traces and then applies RL with real-time code execution. During

rollout, the model interleaves natural language reasoning with code execution, observes execution results,

and revises its subsequent reasoning. This allows the model to discover when and how to invoke a code

interpreter based on outcome feedback rather than human-written rules (Feng et al., 2025). Search-R1 and
ReSearch follow a similar idea in retrieval-augmented reasoning. They train models to generate search

queries during reasoning and use retrieved information to update later steps, rather than relying on fixed

retrieval pipelines or hand-crafted search prompts (Jin et al., 2025; Chen et al., 2025).

So far, we have introduced how RL can enhance the core capabilities of LLM-based agents. Since LLM-based

agents are built upon underlying LLMs, their RL training can naturally leverage the general LLM-based RL

algorithms introduced in Section 3. However, agentic RL introduces additional challenges beyond standard

response optimization. A key challenge is how to obtain high-quality feedback from environments and how

to effectively use these signals to improve agent behaviors. As a result, recent work on agentic RL requires

not only appropriate RL algorithms, but also specialized approaches for addressing the unique challenges

introduced by agentic settings (Huo et al., 2026; Liu et al., 2026b).

6.2 Environment Design and Scaling

The previous subsections focus on optimizing the agent policy for planning and tool use. In this subsection,

we turn to another important component of agentic RL: the environment that produces interaction

experience. An environment is more than a testbed. It determines which actions the agent can perform,

what observations it receives, how the underlying state changes after each action, and how task success is

evaluated. More formally, we can represent an environment as

e = (S,U ,O, Pe, Ve) (74)

where S is the state space, U is the set of available actions or tool invocations, and O is the observation

space. The transition function Pe determines how an action changes the environment state, while the

verifier Ve determines whether the resulting state satisfies the task objective. This formulation describes

how the environment produces observations and feedback, rather than how the agent generates its actions.

The quality of an environment directly affects what an agent can learn. For example, an agent trained in

a narrow environment may simply memorize specific APIs, task templates, or interaction patterns. An

unreliable environment may return inconsistent observations or incorrect rewards, introducing noise into

the learning process. Ideally, an effective environment should provide diverse tasks, executable interactions,

reliable state transitions, and verifiable outcomes.

To encourage generalization, we can train the agent over a distribution of environments rather than within

a single fixed environment:

θ∗ = argmax
θ

Ee∼p(E),q∼pe(Q)Eτ∼πθ(·|q,e) [Re(τ)] (75)

where p(E) denotes the environment distribution, and pe(Q) denotes the task distribution within environment

e. The interaction trajectory τ follows the definition introduced in the previous subsections. This objective
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Figure 28: Overview of environment synthesis and interaction for agentic RL. Agentic RL enables continuous

learning through an interaction-learning loop, where agents collect trajectories from synthesized environments

and enhance their capabilities.

shows that agent performance depends not only on policy optimization, but also on the coverage and quality
of the environments used for training.

However, constructing high-quality environments manually is expensive and difficult to scale. Real-world

systems may be inaccessible and costly. Purely language-based simulations are easier to build, but they

may generate inconsistent state transitions (Li et al., 2026). Thus, recent studies explore procedural and

programmatic environment synthesis, where executable programs and structured states are used to provide

a scalable and reliable interaction experience.

This process is illustrated in Figure 28. It typically consists of the following steps:

• Environment Specification. We first define the state schema13, available tools and APIs, and

transition rules of the environment.

• Programmatic Synthesis. We then implement the environment as an executable system. This

process typically converts the structured specification into program code, database tables, and

callable tool interfaces.

• Scenario Generation. Based on the environment specification, we generate diverse initial states

and user tasks. The tasks should cover different goals, constraints, and difficulty levels. For example,

in a shopping environment, a simple task may ask the agent to purchase a single item, while a more
difficult task may require it to compare multiple products.

• Agent–Environment Interaction. The agent interacts with the generated environment through

multiple rounds of actions and observations. At each step, the agent selects a tool and provides the

required arguments. The environment executes the action and returns an observation.

• Outcome Verification. After the interaction is completed, a verifier checks whether the task has

been successfully solved. The verifier may inspect tool execution results, database states, or other

structured records.

• Agent Learning. Finally, the verified trajectories are used to improve the agent. On the one

hand, successful trajectories can serve as demonstrations for SFT, while task-level or step-level

feedback can support RL training. On the other hand, failed interactions are also valuable because

they reveal weaknesses in the current policy and gaps in the task distribution. This can guide

the generation of targeted scenarios that exercise the agent’s weak capabilities and provide more

13A state schema specifies the structured variables used to represent the current status of an environment, together
with their types and possible values. For example, in a travel-booking environment, it may define fields for available
flights, user preferences, and existing reservations.
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informative experience for subsequent training (Chen et al., 2026; Sun et al., 2026). More broadly,

this process can be viewed as learning from agentic experience, which we will discuss in Section 6.4.

Despite this progress, several important questions remain. First, how can we scale both the number and

diversity of environments? Second, how can we ensure that generated environments are executable and

verifiable? Third, how can agents generalize across heterogeneous and previously unseen environments?

One direction focuses on scaling environment diversity. RandomWorld procedurally generates executable

tools and compositional tasks for tool-use agents (Sullivan et al., 2025). Unlike static datasets that

contain only predefined trajectories, these generated environments support online execution and allow

agents to explore different tool combinations during training. AgentScaler further constructs heterogeneous

simulated environments and separates the learning of general function-calling behaviors from domain-specific

adaptation (Fang et al., 2026). At a larger scale, DeepSeek-V3.2 synthesizes diverse environments and

complex tasks for agentic post-training, showing that broad interaction experience is important for long-tail

generalization (DeepSeek-AI, 2025).

Another direction focuses on executability. EnvScaler first constructs environment skeletons that specify

state schemas, available tools, and interaction rules. It then generates multiple task scenarios within each

environment (Song et al., 2026). Agent World Model follows a similar idea by implementing synthetic

environments with executable code and database-backed states (Wang et al., 2026g). Compared with purely

language-based simulations, these programmatic environments produce more consistent state transitions

and generate tool outputs through actual execution.

Verifiability is equally important because RL requires reliable feedback. Instead of evaluating only the

textual final response, an environment can check whether the agent has produced the desired state change.

Given the final environment state seT and the task goal g, we can define a state-based reward as

Re(τ) = Ve(s
e
T , g) (76)

where Ve(·) may be implemented using executable tests, database queries, or rule-based validators. For

example, in a database operation task, the verifier can directly check whether the required record has

been inserted correctly. This provides more reliable feedback than comparing the generated answer with a

reference text. Both EnvScaler and Agent World Model use such mechanisms to connect agent actions with

observable state changes.

Scaling environments also introduces substantial heterogeneity. Different environments may vary in task

difficulty, available tools, and interaction length. These differences can make RL training unstable and

cause the agent to overfit to frequently sampled or easier environments. AutoForge addresses this issue

by synthesizing difficult but verifiable tasks and estimating learning signals at the environment level (Cai

et al., 2025). This design reduces the influence of unstable simulated interactions and improves training
across heterogeneous environments.

6.3 Credit Assignment

Credit assignment is not unique to LLM-based agents. It is a long-standing challenge in traditional RL

(Sutton, 1984; Zhou et al., 2020). When rewards are delayed, the agent must decide which past actions

should be reinforced or suppressed. Classical methods, such as temporal-difference learning and eligibility

traces, address this issue by propagating reward information backward along the trajectory. In agentic

RL, credit assignment becomes more challenging because each interaction step may involve high-level

planning, tool invocation, and environmental feedback, rather than a single low-level action. Therefore,

credit assignment often needs to operate at both the trajectory level and the step level.

This challenge is especially important for agent planning. In many agent tasks, the environment only

provides a sparse reward after the entire trajectory is completed. However, the final success or failure

may come from an earlier planning decision, an incorrect tool invocation, or an ineffective response to an
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Figure 29: Illustration of credit assignment in agentic RL.

intermediate observation. If we directly assign the same trajectory-level reward to all interaction steps,

the supervision can become noisy. The agent may fail to identify which decisions should be reinforced and

which should be suppressed.

Formally, given a trajectory τ = [p, u1, o1, · · · , uT , oT ], a simple RL objective uses a trajectory-level reward

R(τ) to optimize the whole planning process. However, such a reward only provides coarse feedback on the

overall outcome. Therefore, credit assignment aims to decompose the trajectory-level reward into step-level

signals:

R(τ) → {rp, r1, · · · , rT } (77)

where rp evaluates the quality of the generated plan, and rt evaluates the contribution of the t-th interaction
step (ut, ot) to the final task outcome.

The mechanism of credit assignment is illustrated in Figure 29. This decomposition enables the agent to

distinguish whether failure comes from an unreasonable plan, an invalid tool call, or a poor adaptation

to environmental feedback (Li et al., 2025b; Xi et al., 2026; Wang et al., 2026e). For example, consider

the task of computing the babysitting payment and saving the result into a database. Suppose the agent

generates a reasonable plan and correctly calls the calculator, but fails to invoke the database API with the

required JSON format. If we only use a final trajectory-level reward, the whole trajectory may receive a

low reward, e.g., R(τ) = 0.3, even though the early planning and calculation steps are correct.

For illustration, we can define rule-based step-level rewards using predefined verification criteria, such as

whether the plan includes all necessary steps, whether the calculation is correct, whether the JSON schema

is valid, and whether the database update succeeds. These step-level rewards are diagnostic signals rather

than a conservative numerical decomposition, so they need not sum to the trajectory-level reward. Then,

we can use credit assignment to decompose the final trajectory-level feedback into step-level rewards:

R(τ) = 0.3 ⇒ {rp = 0.4, r1 = 1.0, r2 = 1.0, r3 = 0.7, r4 = 0.0} (78)

where rp indicates that the overall plan is reasonable, r1 and r2 indicate that the agent correctly extracts the

numerical values and performs the calculation, r3 indicates that the JSON formatting is partially correct,

and r4 indicates that the database update fails. In this way, the agent receives more precise feedback: it

should preserve the correct planning and calculation steps while improving the database update step.

6.4 Learning from Agentic Experience

AI systems are gradually moving from an era dominated by human-generated data toward an era in which

agents increasingly learn from their own experience (Silver & Sutton, 2025). As discussed in Section 6.1,
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supervised data remains useful for teaching agents basic behaviors, such as planning, tool invocation, and

response formatting. However, human demonstrations alone are unlikely to cover the full range of situations

that an agent may encounter in complex and dynamic environments. One promising direction is to enable

agents to learn from their own interaction experience. Through continuous interaction with environments,

agents can collect successful and failed trajectories, and improve their future behaviors via these trajectories.

In recent literature, this process is often referred to as agent self-evolution, where agents continuously

enhance their capabilities by leveraging accumulated experience. Here we discuss three commonly used

approaches for learning from agentic experience.

The first approach is memory management through agentic experience. In practice, an agent can store

useful information from previous interactions. When facing a new task, the agent can retrieve relevant

memories and use them as additional context to guide its decisions. From the perspective of in-context

learning, this process can also be viewed as a form of learning, where the agent improves its behavior by

incorporating previous experience into the current context. In this way, one example of learning from

experience is to update the memory based on interaction outcomes. For example, given a task, the agent can

store both successful and failed trajectories in its memory system. When solving similar tasks in the future,

the agent can retrieve these experiences and avoid previous mistakes, thereby improving task performance.

This approach is usually simple and does not require additional training of the agent.

The second approach is skill optimization. One challenge of using memory to learn from experience is
scalability. As agent experience continuously accumulates, the memory size will keep growing. Moreover, a

large amount of noisy and redundant information may also be introduced into the memory. As a result,

efficiently storing and retrieving relevant information becomes increasingly difficult. Instead of storing

individual experiences in memory, skill aims to identify common patterns across experiences and transform

them into abstract behaviors. These skills provide a more compact representation of experience and allow

the agent to transfer experience across different tasks. Similar to memory optimization, we can also update

and refine the skills of agents to achieve learning from experience.

The third approach is to learn from experience via trajectory refinement. From this perspective, test-time

scaling in agents can also be viewed as a form of learning from experience. Instead of updating the model

parameters, the agent improves its current solution by leveraging immediate feedback during task execution.

For example, the agent can use tool execution results or environment feedback to identify mistakes and refine

its trajectory. Through repeated attempts and continuous refinement, the agent can gradually improve its

decision-making process and achieve better task performance.

The three approaches mentioned above can be implemented through various techniques. Since this paper

focuses on RL, we will introduce RL-based methods for these approaches in detail in the following sections.

It is worth noting that, although these approaches do not always rely on traditional parametric updates,

they can still be formulated under the RL paradigm described in Eqs. (69) and (70), where agents improve

their behaviors via feedback from experience.

6.4.1 Memory Management

Memory management is a direct way for agents to learn from agentic experience. During interaction with

an environment, an agent may observe useful information. If this information is discarded after the current

task, the agent must solve similar problems from scratch in the future. Therefore, the goal of agent memory

is to store useful information from previous interactions and retrieve it when needed. As illustrated in

Figure 30, a typical memory system usually consists of three main stages (Chhikara et al., 2025):

• Memory Retrieval. The agent retrieves relevant memories from the memory bank to support

the current interaction. The retrieved information can take various forms depending on how the

memory bank is constructed. For example, the memory bank may contain successful trajectories

from similar tasks, which can provide reusable solutions for the current decision. It may also store

user-specific preferences, such as frequently selected hotels or preferred travel styles.

67



C
o
n
v
e
r
s
a
t
io

n

Î [History Messages]

 Plan a trip to Kyoto
next week.

Æ I will check your travel
preferences and past
choices.

ò• prefers window seat
• vegetarian meals
• budget hotel

 I also prefer a quiet
ryokan near Kyoto
Station.

Æ · · ·

Memory Bank

Memory 1
prefers vegetarian meals

Memory 2
prefers window seat

Memory 3
usually books budget hotels

Memory 4
prefers quiet ryokans
near Kyoto Station

· · ·

retrieving
relevant memories

useful memories

Extract Memories

New memory:
user prefers quiet ryokans
user prefers the Kyoto Station area

Memory Manager

ADD UPDATE DELETE NOOP

new memories
ADD

Figure 30: An overview of a memory system for agentic interaction. We take a travel-planning scenario

as an example, where the user asks the agent to plan a trip to Kyoto. The agent first retrieves relevant

user preferences from the memory bank, such as vegetarian meals, window seats, and budget hotels, and

uses them to support the current conversation. During the interaction, the user provides new information,

such as a preference for quiet ryokans near Kyoto Station. This new information is extracted as memory

and passed to a memory manager, which updates the memory bank by selecting an operation such as ADD.

Blue highlights denote retrieved memories, while red highlights denote newly extracted memories and

their update path back to the memory bank.

• Memory Extraction. After the agent completes the current task based on retrieved information,

useful information can be extracted from the interaction process and stored for future use. For
example, if a user says that they are vegetarian, we can extract a memory such as “the user prefers

vegetarian food”. This process can be performed by the agent itself or by other agents.

• Memory Update. The agent updates the memory bank by integrating the newly extracted

information with existing memories. A straightforward approach is to store all extracted information.

However, this strategy is impractical because the amount of stored information continuously grows

as the agent operates over time, making memory retrieval increasingly inefficient and introducing a

large amount of redundant information. In contrast, a more advanced approach is to selectively

update the memory. Specifically, the memory system can formulate memory maintenance as an

operation selection problem. Given newly extracted information, a memory manager selects one

of several operations: op ∈ Am = {ADD, UPDATE, DELETE, NOOP}, where ADD creates a new memory

entry, UPDATE modifies an existing memory with newly observed information, DELETE removes

outdated or contradictory memories, and NOOP keeps the memory bank unchanged. We can typically

implement this memory manager by prompting an LLM to select appropriate operations based on

the current interaction and existing memories.

In learning from experience, it is easy to observe that the performance of memory-based learning heavily

depends on the accuracy of the memory manager. Although prompting an LLM can enable it to select

memory operations, such memory systems still rely largely on the LLM’s in-context decision-making ability
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Figure 31: Overview of training a memory manager with RL.

or manually designed rules. As a result, they may struggle with complex memory updates and make

incorrect decisions. For example, as shown in Yan et al. (2026)’s work, when a user first says “I adopted

a dog named Buddy” and later adds “I adopted another dog named Scout”, a vanilla memory system

may incorrectly interpret the new information as a contradiction and perform a DELETE+ADD operation,

overwriting the original memory. In contrast, a trained memory manager can recognize that the two

statements are complementary and perform an UPDATE operation to consolidate the information into a more

complete memory: “The user adopted two dogs, Buddy and Scout”.

One promising approach to improve memory management is to optimize memory operations with RL (Yan

et al., 2026). The key idea is to make memory management itself a learnable decision-making process.

Given an extracted memory xmem and an existing memory bank Mold, the memory manager acts as a

policy that selects a memory operation and generates the updated memory content:

(op,m′) ∼ πθ(· | xmem,Mold) (79)

where op denotes the selected memory operation from the operation set Am and m′ denotes the updated

memory content. After applying the selected operation, the updated memory bank is provided to the agent

for downstream task solving. By optimizing the memory manager with task-level feedback, the agent can
learn when and how to update its memory based on the usefulness of stored experience. Figure 31 illustrates

the training process of a memory manager with RL.

During optimization, the reward is defined according to the final task performance. If the updated memory
helps the agent produce a correct answer, the memory manager receives a positive reward; otherwise, it

receives a lower reward. A simple reward function can be defined as:

Ranswer = EM(ypred, ygold) (80)

where EM(·) denotes the Exact Match function, ypred denotes the predicted answer, and ygold denotes the

ground-truth answer. This design avoids the need to manually annotate individual memory operations.

Instead, the memory manager learns which operations are beneficial by directly optimizing their impact on

downstream task performance.

After optimizing the memory manager, the agent can dynamically maintain its memory during future

interactions. However, learning effective memory operations is only the first step toward experience-driven

agent improvement. A key challenge is how to evaluate the long-term utility of accumulated memories.

Existing memory optimization methods typically define rewards based on downstream task performance,

i.e., whether the retrieved memories help the agent solve the current task. However, the usefulness of a

memory is not always reflected immediately (Xu et al., 2025b). For example, a failure case collected from

one interaction may not improve the current response, but it can help the agent avoid similar mistakes in

future tasks. This indicates that memory can serve as an important component of agent learning, beyond

simply storing past information.
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Beyond optimizing memory update operations, another important question is how to construct and organize

memories from accumulated experiences. Instead of treating memory construction as a fixed preprocessing

step, we can enable an agent to learn effective memory construction strategies through RL. In this way,

a straightforward approach is to formulate memory construction as a sequential decision-making process,

where the agent learns how to select, organize, and transform interaction experiences into useful memories

(Wang et al., 2025d).

6.4.2 Skill Optimization

A skill represents a higher-level abstraction of agentic experience. Different from memory, which focuses

on storing useful information extracted from previous interactions, a skill aims to summarize recurring

patterns across multiple experiences and transform them into reusable capabilities. Specifically, a skill

can be viewed as a structured instruction package that describes when the skill should be invoked, what

workflow it should follow, which tools are required, and how the final outcome should be verified. For

example, a reasoning-oriented skill may be represented as follows:

Name: Math-Logic-Reasoning

Description: Solve complex mathematical, logical, tabular, and constraint reasoning tasks. Use

when a task requires multi-step arithmetic, symbolic reasoning, calculator-backed verification,

table analysis, optimization, scheduling or allocation constraints, Pareto trade-offs, proof

checking, or translating word problems into equations, code, formulas, or executable checks.

Math Logic Reasoning

Use this skill for reasoning tasks where a wrong intermediate assumption can silently break

the final answer. Prefer a compact formal model plus executable verification over unsupported

mental arithmetic.

Workflow

1. Restate the target quantity, decision, or claim.

2. Extract givens, units, constraints, and hidden assumptions.

3. Convert the problem into equations, inequalities, tables, spreadsheet formulas, graphs, search

spaces, constraint satisfaction problems, or short verification scripts.

· · ·

Tool Choices

1. Use Python as a calculator for multi-step arithmetic, combinatorics, simulations, optimization

search, or exact rational checks.

2. Use Fraction, Decimal, or sympy when exactness matters.

3. Use pandas for complex tables, joins, grouped summaries, rankings, or data-cleaning logic.

· · ·

Verification Checklist

1. Recalculate the final numeric answer using a second method when feasible.

2. Test boundary cases: zero, negative values, equality limits, duplicate entries, and empty sets.

3. Confirm units after every transformation.

· · ·

Output Style

Give the answer first when possible. Then include a concise derivation, the checked constraints,

and any caveats.

In practice, the agent is provided with descriptions of all available skills in the prompt and learns to select

appropriate skills based on the current task. These selected skills serve as high-level behavioral templates

that guide the agent’s planning and execution process. For example,
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Available Skills:

Skill 1: Web Search
This skill enables the agent to retrieve and synthesize external information when the task

requires up-to-date or domain-specific knowledge · · ·
Skill 2: Math-Logic-Reasoning

Solve complex mathematical, logical, tabular, and constraint reasoning tasks. Use when a task

requires multi-step arithmetic, symbolic reasoning · · ·
{More skill descriptions}
User Query: Solve the equation 2x+ 5 = 13.

Selected Skill: Math-Logic-Reasoning

A straightforward approach to constructing skills for an agent is to manually write them according to specific

task requirements. However, there can be many different ways to design a skill for the same task, similar to

the process of writing prompts for LLMs. For example, one may define a skill with detailed instructions,

including explicit workflows and execution procedures, while another may provide only high-level guidance

and allow the agent to determine the detailed execution strategy. Such variations in skill design can

significantly affect agent performance (Yu et al., 2026b).

One limitation of manual skill construction is that the quality and diversity largely depend on human

experience. Therefore, if we want LLMs to handle a broad range of tasks, relying on human-annotated

data for LLM fine-tuning is often inefficient. To address this limitation, an alternative approach is to

automatically generate skills from agentic experiences. For example, we can prompt an LLM to summarize

successful trajectories and extract reusable skills. These generated skills can then be added to the agent’s

skill bank and reused in future tasks.

The above way of generating skills often suffers from quality issues. First, a general LLM does not inherently

know how to design effective skills without additional optimization. Second, the skill generator may optimize

for the wrong objective because skill generation and skill utilization involve different contexts. Specifically,

an LLM may consider a generated skill effective because it satisfies the instructions provided in the prompt,
while another agent may fail to use this skill effectively in real-world tasks. As a result, skill generation

should not only focus on producing well-structured skills, but also consider whether these skills can actually

improve agent performance during task execution. Recent work has turned to RL to achieve this goal,

where skill generation is optimized based on the actual performance of generated skills.

Here we consider SkillRL as an example to illustrate how to optimize skill generation through RL (Xia

et al., 2026). The idea is that instead of directly generating skills from stored trajectories, we can first

abstract reusable skills from existing trajectories and use them to guide agentic RL training. During the

training process, the agent continuously discovers new skills and updates the skill bank, enabling the joint

evolution of the agent and its skills. Figure 32 shows a schematic illustration of SkillRL. Here we give a

brief outline of the key steps involved.

• Initially, we collect interaction trajectories from environments. These trajectories can include both

successful and failed experiences, which provide diverse signals for skill discovery and optimization.

Successful trajectories reveal effective behaviors, while failed trajectories help identify potential

weaknesses and improvement opportunities.

• The collected trajectories are then used to extract reusable skills, which initialize the skill bank.

Considering that agent capabilities usually include both general problem-solving strategies and

task-specific procedures, we can organize skills at different levels of abstraction. Specifically, a

hierarchical skill library can be constructed, where a general skill bank stores transferable skills

learned across different tasks to improve generalization, while a task-specific skill bank preserves

specialized strategies for solving particular tasks.
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Task: solve 2x + 3 = 11.
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subtract 3.
· · ·
Answer: x = 2.5.✓ ×
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Failed trajectories → Failed Lessons

Construct a hierarchical skill library.
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agent. Optimize the skill-augmented policy with RL.
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Agent Computing
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Adding
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Figure 32: Illustration of SkillRL (Xia et al., 2026). SkillRL maintains a pool of agentic trajectories and

initially abstracts reusable skills from these trajectories. The extracted skills are then used to guide RL

training. As the agent improves through RL training, it generates higher-quality trajectories, which are

further used to refine the skill bank.

• After initializing the skill bank, the agent retrieves relevant skills to guide the RL training process.

Specifically, given task x, the agent selects suitable skills from the skill bank S:

S∗ = TopKsi∈SScore(x, si) (81)

where Score(x, si) measures the relevance between the current task and each skill, and S∗ denotes

the selected skill set. The selected skills are then incorporated into the agent’s decision-making

process and used to guide RL optimization. These skills provide high-level behavioral priors, such as

task decomposition and execution workflows, which help the agent explore more effective behaviors

and improve the efficiency of RL training.

• Through interaction with the environment, the agent collects new trajectories. These trajectories

are further analyzed to discover new skills or refine existing ones. In this way, the skill bank evolves

together with the agent policy: the skill library provides prior knowledge to accelerate RL training,

while improved trajectories continuously enrich and refine the skill library.

By repeating the above process, the agent can improve its skill library through accumulated experiences.

Specifically, newly collected trajectories provide additional evidence for discovering new skills or refining

existing ones, while the updated skill library further guides future RL training. This creates an iterative

learning process in which the agent and its skills co-evolve over time. From this perspective, skill optimization

provides a practical way to transform low-level interaction experiences into reusable capabilities, and has
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become an important approach for enabling agents to continuously learn from their own experiences (Wang

et al., 2026f; Fu et al., 2026).

6.4.3 Trajectory Refinement

Different from memory management and skill optimization, which focus on storing and abstracting experi-

ences, trajectory refinement directly improves agent behaviors by revising generated trajectories. This idea

is motivated by the self-refinement capability of LLMs. As discussed in Section 5.1, reasoning-enhanced RL

training enables LLMs to evaluate their intermediate reasoning processes and revise incorrect solutions. For

example, when solving mathematical problems, an LLM can verify intermediate results after each reasoning

step and adjust its solution trajectory based on the verification outcomes.

A natural extension is to apply this self-refinement capability to LLM-based agents. During interaction with

environments, agents continuously receive external feedback, such as tool execution results or environment

states. Instead of blindly following the initial trajectory, agents can leverage these feedback signals to

identify mistakes, revise previous decisions, and generate improved trajectories. In this way, agents can

learn from their own interaction experiences by continuously refining their behaviors. One commonly used

trajectory refinement approach is Reflexion (Shinn et al., 2023). The basic idea is to introduce an explicit

reflection process into agent execution. Given a task, the agent first generates an initial trajectory and

receives feedback from an evaluator. The agent then analyzes the feedback, summarizes potential errors or

improvement strategies, and generates a reflection. Based on this reflection, the agent produces an improved

trajectory in subsequent attempts. Here, we take mathematical reasoning as an example.

Task: Solve the equation 3x+ 7 = 22.

Initial Trajectory:

Thought: I need to isolate x by moving the constant term to the other side.

Action: Subtract 7 from both sides:

3x+ 7− 7 = 22− 7

Observation: The equation becomes:

3x = 15

Thought: I need to divide both sides by 3 to obtain x.

Action: Calculate:

x =
15

3
= 4

Answer: x = 4.

Feedback: The answer is incorrect. This is because: 15
3 = 5 ̸= 4.

Reflection: The previous trajectory failed because I made an error during intermediate calculation.

For future tasks, I should carefully verify arithmetic operations and check the final answer by

substituting it back into the original equation.

Refined Trajectory:

Thought: I need to isolate x and verify the final solution.

Action: Subtract 7 from both sides:

3x = 22− 7 = 15

Action: Divide both sides by 3:

x =
15

3
= 5

Observation: Verify the solution:

3× 5 + 7 = 22

Answer: x = 5.
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It is worth noting that we can obtain feedback from either internal evaluation or external evaluators. For

example, we can use rule-based verifiers, LLM-based evaluators, or binary reward signals to provide feedback

to the agent. Regardless of the feedback source or format, we need to convert it into a language-based

representation, enabling the agent to understand errors and refine future behaviors. Here, inspired by the

step-level feedback discussed in Section 5.1.2, we can further consider whether providing fine-grained feedback

at each decision step can help agents generate better-refined trajectories. Compared with outcome-level

feedback, step-level feedback provides more precise guidance about where and why the agent makes mistakes

(Liu et al., 2024; Wang et al., 2025c). For example, when an agent fails to solve a mathematical reasoning

problem, a binary reward only indicates that the final answer is incorrect, but it does not reveal which

reasoning step contains the error or how the agent should revise its solution. However, obtaining step-level

feedback is often expensive and challenging, as it requires evaluating intermediate decisions throughout the

trajectory. To address this challenge, recent studies explore using methods such as MCTS to automatically

construct step-level feedback signals (Yuan et al., 2025).

The above approaches mainly rely on prompting to enable trajectory refinement. Such approaches still face

several limitations. First, their performance is bounded by the intrinsic refinement ability of the LLM. A

pre-trained LLM may not naturally know how to interpret feedback and effectively revise its trajectory

without additional optimization. Second, prompt-based refinement mainly improves the current trajectory

at inference time, which limits its ability to accumulate and transfer experience across tasks. As discussed

in Sections 6.4.1 and 6.4.2, failed trajectories contain valuable experiences about agent weaknesses and
can provide useful learning signals for improving future behaviors. However, prompting-based approaches

only leverage these experiences within the current interaction context. To address these limitations, recent

studies explore training agents to acquire trajectory refinement abilities (Fu et al., 2025), either by updating

model parameters or optimizing refinement behaviors based on collected experiences (Song et al., 2024).

Interested readers can refer to these works for more information.

Although trajectory refinement does not explicitly update model parameters like traditional RL, it shares

the fundamental principle of RL: improving agent behaviors based on feedback collected from interactions.

From the perspective of in-context learning, the feedback obtained during trajectory refinement can be

viewed as a temporary reward signal that modifies the agent’s subsequent decision-making process. Instead

of updating policy parameters, the agent updates its context with reflections, which potentially modifies

the policy used for future actions within the current interaction. Therefore, trajectory refinement can be

regarded as an in-context form of policy improvement. This perspective is closely related to the emerging

research direction of in-context RL (namely ICRL), which studies how agents can adapt their behaviors

through interaction feedback without explicit parameter updates (Monea et al., 2024).

7 Multimodal RL

Multimodal learning aims to build models that can process and integrate information from multiple

modalities, such as vision and text. By combining complementary signals from different modalities,

multimodal models can achieve more comprehensive perception and reasoning abilities than single-modality

systems. These capabilities have enabled a wide range of applications, including image captioning, visual

reasoning, speech understanding, and image generation (Baltrušaitis et al., 2018).

With the rapid development of LLMs, a natural direction is to extend their powerful reasoning and generation

capabilities to multimodal domains. For example, visual language models can be constructed by aligning

LLMs with visual encoders and training them on large-scale image-text pairs through supervised fine-

tuning. However, extending LLM capabilities to new modalities introduces additional alignment challenges.

Although an LLM may achieve strong alignment with human preferences in the language domain, such

alignment does not necessarily transfer to other modalities. For example, a model may generate helpful

textual responses while still producing visually inconsistent or misaligned outputs. Therefore, additional

alignment strategies are required to optimize multimodal models according to modality-specific objectives.
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RL provides a natural framework for addressing this challenge by optimizing multimodal models based on

task-specific feedback signals. Compared with supervised fine-tuning, RL can directly optimize high-level

objectives, such as human preferences, visual quality, and semantic consistency. In this section, we discuss

the application of RL in different types of multimodal models. We first introduce RL for multimodal

understanding models, where the output remains primarily textual but the input involves multiple modalities.

We then discuss RL for multimodal generation models, including diffusion-based and flow matching-based

models, where RL is used to optimize generated content quality.

7.1 Multimodal Understanding Models

Multimodal models can be roughly divided according to whether they generate non-textual content or

use non-textual content as input. In this subsection, we focus on the latter case, namely multimodal

understanding models. Although these models may process images, videos, audio, or other non-textual

signals, their output is still usually a textual response. Therefore, from the perspective of RL training, they

can still be viewed as conditional text generation models. The main difference from standard LLMs is that

the condition now contains multimodal information in addition to a textual instruction. Once these inputs

are encoded and passed into the LLM, the subsequent policy modeling, reward modeling, and RL training

are largely consistent with the methods discussed in Section 3.

A representative example is the multimodal language model14, especially the Visual Language Model (VLM).
A VLM typically connects a visual encoder to an LLM through a linear projector or related alignment

module, enabling the LLM to perform visual and language understanding. VLMs are currently the most

explored extension in multimodal language research, and they form the foundation for many open-source

multimodal language models, such as Qwen2.5-VL (Team, 2025) and LLaMA-3.2-11B-Vision (Grattafiori

et al., 2024). For a VLM, the input usually consists of one or multiple images and a textual instruction,

denoted by (I,x), where I represents the input images. These images are encoded into visual representations

that are either concatenated with instruction embeddings or integrated into the LLM through cross-attention

mechanisms. Since the model still generates a textual output y, the RL training process for LLMs can be

adapted to train VLMs with only minor changes (Yu et al., 2024a; Wang et al., 2025b; Zang et al., 2025; Ji

et al., 2025).

Although the overall RL formulation can be reused, training VLMs with RL is still challenging in practice.

The central difficulty is not the policy optimization algorithm itself, but the scarcity of high-quality

multimodal preference data. Compared with textual preference data, visual preference data is more

expensive to collect, harder to verify, and often more task-dependent. This makes it difficult to train a

reliable visual reward model, which is a key component for applying RLHF-style methods to VLMs.

One straightforward way to alleviate this problem is to generate visual preference data through the automatic

preference data generation method described in Section 4.1.1 (Yu et al., 2024b). Another alternative is a

multi-stage training approach for the visual reward model, motivated by a simple idea: human preferences

are already well captured in text, and these preferences can be transferred across modalities (Wang et al.,

2025b). By leveraging textual preference data, this approach reduces the dependence on large-scale visual

preference data when training a visual reward model. More specifically, as illustrated in Figure 33, we can

train a visual reward model in the following three stages:

• Stage 1: pre-training with large-scale textual preference data. Given the transferability of human

preferences across different modalities, we can begin by using large-scale textual preference data to

pre-train the visual reward model. Note that the projector parameters are frozen without images.

14A multimodal language model is defined as a model that integrates an LLM with a multimodal encoder, such as
CLIP (Radford et al., 2021), allowing the LLM to process inputs beyond text, such as images. Recent literature has
also introduced the use of LLMs for generating outputs in non-text modalities, such as images and speech (Xu et al.,
2025a; Zhang et al., 2024a). However, in this section, we focus on the former definition of multimodal language
models.
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Stage 1: Pre-training with
Textual Preference Data

Stage 2: Fine-tuning with Image
Caption-based Preference Data

Stage 3: Fine-tuning with
Visual Preference Data

Instruction: Can you determine the
missing number in the sequence: 2,
6, 14, 30, 62, ?

Chosen Response: The missing num-
ber in the sequence is 126.
Rejected Response: The sequence is
6.

Instruction: Describe the image in
detail.
Image Caption: There are four man-
gosteens, one of which has been cut
open.
Chosen Response: There are several
mangosteens on a wooden table.
Rejected Response: This is a dark
fruit, possibly a variety of pitaya.

Chosen Response: There are several
mangosteens on a wooden table.
Rejected Response: This is a dark
fruit, possibly a variety of pitaya.

Instruction: De-
scribe the image in
detail.

Bridging Task Gap Bridging Modality Gap

Figure 33: An overview of the multi-stage training approach for visual reward models.

This stage can be considered as providing a stronger starting point for training the visual reward

model, as it enables the model to pre-learn general human preferences.

• Stage 2: fine-tuning with image caption-based preference data. Pre-learned human preferences

cannot be directly applied to vision tasks due to both task gap and modality gap. To bridge the task

gap, we fine-tune the reward model using image caption-based preference data in this stage. The

rationale behind this approach is that general textual preference data does not cover vision-specific

tasks, such as “Please describe the content in this image”. We use such data to fine-tune the model,

adapting it to vision-specific tasks. The projector parameters are frozen at this stage.

• Stage 3: fine-tuning with small-scale visual preference data. To further bridge the modality gap,

we use visual preference data in the final stage to train the model. Note that in this phase, we also

train the projector parameters.

In this process, not all preference data may align with the preferences used in subsequent stages, potentially
leading to preference conflicts. To address this issue, we can enhance the visual reward model through

data selection techniques, such as LESS (Xia et al., 2024). In fact, preference transfer is effective across

modalities and has also been shown to work across different tasks and languages (Cheng et al., 2023; Wu

et al., 2024). Interested readers can refer to these papers for more detailed discussions of these topics.

As discussed in Section 4.1.4, reward reasoning models have demonstrated superior performance in reward

prediction. A natural question then arises: can reward reasoning capabilities also be transferred from

text to multimodal settings? Recent work by Wang et al. (2026a) provides empirical evidence supporting

this hypothesis. By following a similar multi-stage training paradigm, they show that reward reasoning

capabilities can indeed be effectively transferred across modalities, further enhancing the performance of

visual reward models.

Apart from constructing better preference data, another approach to improving the visual reward model is to

integrate additional image content, such as image captions, into reward prediction (Sun et al., 2024b). This

approach aims to achieve factually augmented reward prediction and reduce reward hacking. Specifically,

in the original setup, the reward model predicts a reward based only on the image, input, and output;

that is, the reward model’s input is [I,x,y]. In the factually augmented setup, the reward model also

receives an additional textual image caption C, resulting in an input of [I,C,x,y]. The basic idea is that

the backbone of the visual reward model remains a well-trained LLM with in-context learning ability. By

providing additional factual context about the image, we can help the reward model make more accurate

and grounded reward predictions.
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While our discussion primarily focuses on models for visual inputs in the context of visual language models,

the RL techniques are adaptable across inputs of various modalities, such as video and audio.

7.2 Multimodal Generation Models

Unlike multimodal understanding models that typically produce textual responses, multimodal generation

models aim to synthesize new content, such as images and videos. Recent advances in generative models,

including diffusion models and flow matching models, have enabled high-quality content generation by

learning complex data distributions. However, researchers have found that optimizing these models remains

challenging because conventional maximum likelihood or reconstruction objectives cannot fully capture high-

level human preferences, such as satisfying specific requirements (e.g., object quantities, colors, and visual

layouts). To address this challenge, RL has been introduced to directly optimize multimodal generation
models based on flexible reward signals (Lee et al., 2023; Fan et al., 2023). In this way, instead of relying

solely on token-level or pixel-level reconstruction objectives, RL allows models to optimize task-specific

criteria provided by humans or automatic evaluators. This property makes RL particularly suitable for
multimodal generation, where generation quality is often difficult to describe through explicit supervision.

In this subsection, we describe the application of RL in two representative classes of multimodal generation

models: diffusion models and flow matching models.

7.2.1 Diffusion Models

We first briefly introduce the basic generation process of diffusion-based models to provide the necessary

notations. There are many aspects of diffusion models, such as image representations and mathematical

formulations, that cannot be fully covered in this paper. Interested readers can refer to existing surveys on

diffusion models for further details (Yang et al., 2023; Croitoru et al., 2023).

Specifically, diffusion models generate samples through a gradual denoising process (Sohl-Dickstein et al.,

2015). Given a clean sample x0, the forward diffusion process progressively adds Gaussian noise to the

sample. At each timestep t, the transition distribution is defined as:

Q(xt|xt−1) = N (xt;
√︁
1− βtxt−1, βtI) (82)

where Q(·) denotes the predefined forward diffusion process, βt controls the noise magnitude at timestep t,
and N (µ, σ2) denotes a Gaussian distribution with mean µ and variance σ2. Through this forward process,

the original data distribution is gradually transformed into a simple Gaussian noise distribution.

The generation process performs the reverse denoising procedure, where a neural network learns to recover

clean samples from noisy inputs:

Uθ(xt−1|xt) = N (xt−1;µθ(xt, t),Σθ(xt, t)) (83)

where Uθ(·) denotes the learned reverse denoising process used for generation, and µθ(·) and Σθ(·) denote
the learned mean and variance of the reverse transition. By iteratively applying the denoising process from

timestep T to 0, diffusion models can generate high-quality samples from random noise.

During training, diffusion models mainly focus on recovering the original data distribution, which can be

regarded as a supervised learning objective. Similar to SFT in LLMs, such training paradigms optimize

models toward the provided training data but do not explicitly consider human preferences. As a result,

diffusion models may generate high-quality samples while still failing to satisfy fine-grained user requirements.

For example, as described in Lee et al. (2023), although text-to-image diffusion models can generate visually

realistic images, they may struggle with specific attributes, such as generating a desired number of objects.

Therefore, how to incorporate additional learning objectives to better align diffusion models with human

preferences has become an important research topic.
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To address this challenge, researchers have explored RL as an effective approach for aligning diffusion

models with human preferences. A straightforward approach is to treat generated samples as optimization

targets and use external reward signals to guide the generation process. Specifically, given a text prompt z,

a reward function Rdm(x0, z) evaluates the generated image x0, and the diffusion model is optimized to

maximize the expected reward:

max
θ

Ez∼p(z),x0∼pθ(x0|z)[Rdm(x0, z)] (84)

Here, the reward function can be instantiated by different types of evaluators depending on the optimization

objective. For example, it can measure semantic alignment between the generated image and the text

prompt using a vision-language model or measure human preferences through a learned reward model.

Given a prompt requiring “three red apples on a table”, a reward function can assess whether the generated

image contains the correct object number and color.

However, directly optimizing this objective with the RL formulation introduced in Section 3.1 is not

straightforward. This is because diffusion models generate samples through an iterative denoising process

rather than an autoregressive generation process. Therefore, we need to redefine the RL formulation

according to the characteristics of diffusion generation. Taking DPOK (Fan et al., 2023) as an example,

recent studies observe that the reverse diffusion process naturally forms a multi-step trajectory, where each

denoising step can be viewed as an action conditioned on the current noisy state. Based on this observation,

the diffusion generation process can be formulated as an MDP. Specifically, we can consider the denoising

procedure as a multi-step MDP and apply a policy gradient-based RL algorithm to optimize the reward

obtained from generated images. The state corresponds to the current noisy latent representation, while

the action represents the next denoising step:

st = (z,xT−t), at = xT−t−1 (85)

The policy is defined as the reverse diffusion transition:

Prθ(at|st) = Uθ(xT−t−1|xT−t, z) (86)

where the final generated image receives the reward signal from the reward model. Based on this formulation,

the optimization objective in Eq. (84) can be optimized using a simple policy gradient loss function:

Ldmrl(θ) = −Ez∼Sz,τdm∼Prθ(·)

[︄
T−1∑︂
t=0

logUθ(xT−t−1|xT−t, z)Rdm(x0, z)

]︄
(87)

where Sz denotes the training set, τdm denotes the denoising trajectory {xT ,xT−1, · · · ,x0}. Here, many RL

techniques developed for LLM alignment can be naturally extended to diffusion model optimization, such as

incorporating KL regularization (Fan et al., 2023), introducing a reference diffusion model for importance

sampling (Black et al., 2024), and applying GRPO-based optimization (Xue et al., 2025).

7.2.2 Flow Matching Models

Different from diffusion models, flow matching models perform multimodal generation based on ordinary

differential equations (ODEs), where data transformation is modeled as a continuous-time flow. Instead of

gradually adding and removing noise through a stochastic diffusion process, flow matching learns a continuous

vector field that transports samples from a simple prior distribution to the target data distribution. In this

subsection, we briefly introduce the training and generation processes of flow matching models, and then

discuss how RL can be applied to optimize them. Note that we do not provide a detailed introduction to

the underlying principles of flow matching models in this subsection. Interested readers can refer to existing

tutorials for further details (Xiao et al., 2026).

Let x0 ∼ X0 denote a data sample from the target distribution and x1 ∼ X1 denote a noise sample from

the prior distribution. Flow matching constructs an intermediate state by interpolating between the data
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and noise distributions:

xt = (1− t)x0 + tx1 (88)

where t ∈ [0, 1] denotes the continuous time variable. Based on this interpolation process, flow matching

trains a neural network to predict the velocity field that describes how samples move along the trajectory:

Lfm(θ) = Et,x0∼X0,x1∼X1

[︂
∥vθ(xt, t)− v∥2

]︂
(89)

where v = x1 − x0 denotes the target velocity field and vθ(xt, t) denotes the learned velocity function.

After training, the generation process starts from a noise sample x1 and follows the learned continuous flow

by solving the ordinary differential equation:

dxt

dt
= vθ(xt, t) (90)

Although the continuous generation process of flow matching models can also be formulated as an MDP

to enable RL optimization, this formulation faces a unique difficulty. Diffusion models naturally support

stochastic sampling because Gaussian noise is progressively involved in the generation process. In contrast,

flow matching models typically generate samples through deterministic ODEs, where the intermediate states

are uniquely determined once the initial noise is given. This deterministic process creates two difficulties for

online RL: it makes the transition probability required by policy-gradient optimization difficult to compute,

and, more importantly, provides limited randomness for policy exploration.

To make RL applicable, Flow-GRPO converts the original ODE-based flow matching model into an
equivalent stochastic differential equation (SDE) that preserves the marginal distributions while introducing

stochasticity into the generation process (Liu et al., 2025a). The drift function of the converted SDE can be

constructed from the original flow velocity field as:

vd
θ(xt, t, z) = vθ(xt, t, z) +

σ2
t

2t
[xt + (1− t)vθ(xt, t, z)] (91)

where vθ(·) denotes the original velocity field and vd
θ(·) denotes the drift function after the ODE-to-SDE

conversion. Therefore, the stochastic generation process can be written as:

dxt = vd
θ(xt, t, z)dt+ σtdw (92)

where dw denotes the Wiener process increment, i.e., the infinitesimal Gaussian noise added along the

continuous sampling path.

In practice, we discretize the above SDE for trajectory sampling. Using Euler–Maruyama discretization,

each sampling step can be written as:

xt+∆t = xt + vd
θ(xt, t, z)∆t+ σt

√
∆tϵ ϵ ∼ N (0, I) (93)

The last term injects stochasticity into each generation step, allowing the model to sample diverse trajectories

from the same condition and thereby enabling effective exploration for online RL. After discretization, each

generation step corresponds to a stochastic Gaussian transition, which makes it possible to compute the

transition probabilities required by GRPO.

Specifically, by discretizing the continuous flow trajectory, we can consider the generation process as a

sequence of decision steps, where the model determines how to transform the current state toward the

target data distribution (Liu et al., 2025a). Under this formulation, the state, action, transition, initial

state distribution, and reward function are defined as follows. The state at timestep t is defined as:

st = (z, t,xt) (94)
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The action corresponds to the next state predicted by the flow model:

at = xt−∆t (95)

Since the flow model deterministically predicts the velocity field, the policy can be represented as:

Prθ(at|st) = δ(at − (xt −∆tvθ(xt, t, z))) (96)

where δ(·) denotes the Dirac delta distribution, indicating that the next state is deterministically determined

by the current state and the learned velocity field. After the ODE-to-SDE conversion and discretization

described above, the transition probability becomes:

Prθ(at|st) = N (at;µθ(xt, t, z), σ
2
t I) (97)

where µθ(·) is determined by the learned velocity field and σt controls the stochasticity during sampling.

Based on this stochastic MDP formulation, RL algorithms can be applied to optimize flow matching models.
Taking GRPO as an example, given a text condition z, the flow model samples a group of generation

trajectories {τ ifm}Gi=1, where each trajectory represents a complete sampling process from the initial noise to

the final generated sample. We evaluate the final generated sample of each trajectory using the reward
function and obtain a group of rewards: Rfm = {Rfm(x1

0, z), Rfm(x2
0, z), · · · , Rfm(xG

0 , z)}, where Rfm denotes

the reward function for evaluating the generated sample. Similar to diffusion models, the reward function

can be instantiated with different types of evaluators depending on the optimization objective, such as

vision-language models for measuring text-image alignment. The advantage of each trajectory is then

estimated based on its relative reward within the sampled group:

Âi =
Rfm(x

i
0, z)−mean(Rfm)

std(Rfm)
(98)

Based on these estimated advantages, we formulate the GRPO objective as follows:

Lfmgrpo(θ) = −Ez∼Sz,τfm∼Pr(·)
1

G

G∑︂
i=1

[︄
1

T

∑︂
t

min(
Prθ(a

i
t|sit)

Prθold(a
i
t|sit)

Âi, clip(
Prθ(a

i
t|sit)

Prθold(a
i
t|sit)

, 1− ϵ, 1 + ϵ)Âi)

]︄
(99)

8 Conclusions and Future Directions

In this paper, we have introduced the fundamental concepts of RL from the perspective of LLM training.

We began with basic RL formulations and algorithms, including policy gradients, advantage estimation,

importance sampling, and reward modeling, and explained them through LLM training examples. We then

discussed recent advances in RL. We further extended the discussion to reasoning models, agentic systems,

and multimodal models, showing how RL has evolved from a general policy optimization framework into

a key paradigm for enhancing LLM reasoning, interactive decision-making, and multimodal generation

capabilities.

While RL has become well established in LLM training and has achieved remarkable results, several

promising directions remain for future exploration:

• RL for pre-training. Most existing studies focus on applying RL during post-training, while its

role in pre-training remains less explored. Extending reward-driven learning to the pre-training

stage may provide a way to shape model capabilities earlier in the training process. Recent studies
have begun to demonstrate the potential of this direction (Dong et al., 2025), but achieving stable

and scalable optimization at pre-training scale remains an important challenge.

• More efficient RL training. Recent methods, such as GRPO, have simplified RL training by

removing components such as the critic model. However, RL still relies heavily on online sampling,

which introduces substantial computational and time costs. Improving sampling efficiency and

reducing the overall training cost therefore remain important directions for future research.

80



• Predicting the scaling limits of RL. The final gains from RL depend on many factors, including

model capability, training data, reward quality, and optimization settings. In practice, we often

need to complete expensive RL runs before knowing the final performance. Developing methods to

predict the potential gains and performance limits of RL before full-scale training could significantly

improve the efficiency of model development.

• Continual and self-evolving RL. Most current RL pipelines optimize a model on a fixed training

distribution and stop once training is completed. One more ambitious direction is to enable models

to continuously learn from their own interactions, feedback, and accumulated experiences after

deployment. This requires new mechanisms for experience selection, memory and skill evolution,

and stable policy updating without catastrophic forgetting.
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Appendix: Datasets and Systems

Dataset Name
Use Case

Scale Modality
Feedback / Reward Signal

⋆
RM

y
Rsn.

Æ
Agent

Source Category

Anthropic/hh-rlhf " % % 169K A Human Pairwise preference

stanfordnlp/SHP-2 " % % 4.8M A Human /
crowd

Pairwise preference

H4/stack-exchange-
preferences

" % % 10.7M A Crowd score Score / ranking

Summarize from Feedback " % % 64.8K A Human Pairwise preference

UltraFeedback " % % 64K / 340K A GPT-4 Scores, critiques, pairs

berkeley-nest/Nectar " % % 183K / 3.8M A GPT-4 7-way ranking

Skywork-Reward-
Preference-80K

" % % 80K A Mixed /
curated

Pairwise preference

nvidia/HelpSteer " % % 37K A Human Attribute scores

nvidia/HelpSteer2 " % % 10K pairs A Human Attribute scores /
preference

nvidia/HelpSteer3 " % % 40K pref. A Human Preference, feedback,
edits

Arena Human Preference
55K

" % % 55K A Human users Arena battle preference

VLFeedback " % % 80K / 380K A ì GPT-4V Multimodal preference

RLHF-V-Dataset " % % 5.7K A ì Human Fine-grained correction

openbmb/RLAIF-V-
Dataset

" % % 83K A ì AI feedback Pairwise preference

OpenGVLab/MMPR-v1.2 " " % 3M A ì AI / verifier Multimodal reasoning
preference

open-r1/OpenR1-Math-
220k

% " % 220K A Verifier /
judge

Math reasoning traces

AI-MO/NuminaMath % " % 900K A Rule / GPT-4 Math CoT / TIR

PRIME-RL/Eurus-2-RL-
Data

% " % 482K A Verifier Math/code outcome
reward

AgentGym-RL-Data % " " 184K A Env. Multi-turn agent
reward

ALFWorld % % " 3.5K train A Env. Text-world task reward

WebShop % % " 12K tasks A Env. Web shopping reward

Search-R1 Data % " " 170K train A Retriever /
rule

Search-tool QA reward

Sokoban % " " Env. gen. A ì Env. Puzzle-solving reward

Gym Cards % " " Env. gen. A ì Env. Logic-game reward

ToolBench % " " 126K A API
execution

Tool-use trajectories

Table 4: Preference, reasoning, and trainable agentic RL datasets and environments for LLMs. Here, RM

denotes reward modeling, Rsn. denotes reasoning, Env. denotes environment-based feedback, Env. gen.

denotes procedurally generated environments, and TIR denotes tool-integrated reasoning.
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System Name
Supported Modality

Supported Training Approaches
Text Image Video Audio

TRL " " % % SFT, Reward Modeling, PPO, GRPO, RLOO, DPO, KTO,

ORPO, Online-DPO; Agentic RL via OpenEnv/Harbor.

OpenRLHF " " % % SFT, RM, PPO, REINFORCE++, GRPO, RLOO, Dr.GRPO,

DPO, KTO; Agentic RL with single-turn/multi-turn executors.

verl " " % % SFT, PPO, GRPO, GSPO, ReMax, REINFORCE++, RLOO,

DAPO, Dr.GRPO; Agentic RL via multi-turn tool calling.

verl-agent " " % % GiGPO, GRPO, PPO, DAPO, GSPO, RLOO,

REINFORCE++, LoRA; purpose-built Agentic RL for

long-horizon LLM/VLM agents.

EasyR1 " " % % GRPO, DAPO, REINFORCE++, ReMax, RLOO, GSPO,

CISPO; no native Agentic RL.

LLaMA-Factory " " " " Pre-training, SFT, RM, PPO, DPO, KTO, ORPO, SimPO; no

native Agentic RL.

VeOmni " " " " Single-/multi-modal pre-training and post-training, SFT-style

training, DPO, RL trainer backend; no native Agentic RL

environment stack.

ms-swift " " " " Pre-training, SFT, RM, PPO, GRPO, DPO, KTO, ORPO,

CPO, SimPO, GKD; Agentic RL via multi-turn

GRPO/tool-use training.

Align-Anything " " " " SFT, RM, PPO, DPO, KTO, ORPO, SimPO, rule-based RL;

Agent RL on roadmap.

OpenRLHF-M " " % % PPO, GRPO, RLOO, Online-RLHF, Rejection Sampling for

multimodal models; no native Agentic RL.

DeepSpeed-Chat " % % % SFT, Reward Modeling, PPO-based RLHF; no native Agentic

RL.

ROLL " " % % SFT, DPO, distillation, PPO, GRPO, REINFORCE++,

GSPO, RAFT++, StarPO, GiGPO; Agentic RL.

slime " % % % PPO, GRPO, GSPO, REINFORCE++, OPD; Agentic RL via

custom generation, tools, sandboxes, and verifier rewards.

OpenClaw-RL " " % % Binary RL/GRPO, OPD, Hybrid RL, LoRA training;

asynchronous Agentic RL for personalized agents, terminal,

GUI, SWE, and tool-call settings.

SkyRL " % % % GRPO, DAPO, async RL, Tinker-compatible training; Agentic

RL for tool-use, search, SQL, and long-horizon tasks.

Agent Lightning " % % % RL, APO, SFT-style optimization hooks; purpose-built

Agentic RL for existing agent frameworks.

RAGEN " % % % PPO/StarPO-style multi-turn optimization, rollout filtering,

environment rewards; Agentic RL.

Search-R1 " % % % PPO, GRPO, REINFORCE for reasoning-search interleaved

models; Agentic RL for search/tool use.

AReaL " % % % PPO/GRPO-style asynchronous RL with agent-framework

integration; Agentic RL.

Table 5: RL systems for LLM-based and multimodal post-training, including their supported modalities

and corresponding training approaches.
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